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Abstract
Recent experimental and theoretical investigations of crystal growth from solution in the vicinity of an
impermeable wall have shown that: (i) growth can be maintained within the contact region when a liquid
film is present between the crystal and the substrate; (ii) a cavity can form in the center of the contact
region due to insufficient supply of mass through the liquid film. Here, we investigate the influence of surface
kinetics on these phenomena using a thin film model. First, we determine the growth rate within the confined
region in the absence of a cavity. Growth within the contact induces a drift of the crystal away from the
substrate. Our results suggest novel strategies to measure surface kinetic coefficients based on the observation
of this drift. For the specific case where growth is controlled by surface kinetics outside the contact, we
show that the total displacement of the crystal due to the growth in the contact is finite. As a consequence,
the growth shape approaches asymptotically the free growth shape truncated by a plane passing through
the center of the crystal. Second, we investigate the conditions under which a cavity forms. The critical
supersaturation above which the cavity forms is found to be larger for slower surface kinetics. In addition,
the critical supersaturation decays as a power law of the contact size. The asymptotic value of the critical
supersaturation and the exponent of the decay are found to be different for attractive and repulsive disjoining
pressures. Finally, our previous representation of the transition within a morphology diagram appears to be
uninformative in the limit of slow surface kinetics.
Keywords: A1. Growth models, A1. Thin film model, A2. Growth from solution, A1. Confinement,
A1. Morphological stability, A1. Surface kinetics
1. Introduction
Crystal growth often occurs in the vicinity of sub-
strates. In solution, growth on a substrate arises
for example after sedimentation [1, 2] or after het-
erogeneous nucleation [3–6]. When the substrate is
impermeable, growth can still occur at the surface
of the crystal facing the substrate if a liquid film
is present between the crystal and the substrate.
Recent theoretical and experimental studies [7, 8]
have pointed out that in these conditions, a cavity
can form on the confined crystal surface. The cavity
forms due to an insufficient supply of growth units
in the center of the contact. Indeed mass transport
along the liquid film is limited due to the smallness
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of the film thickness. After its formation, the cavity
expands and gives rise to growth rims around the
contact region which have been observed since the
beginning of the 20th century [9, 10], and have also
attracted recent interest [11, 12].
The aim of this paper is to discuss the influence
of surface kinetics on the growth of crystals that are
located in the vicinity of a flat substrate. We start
in sections 2 and 3 by extending the thin film model
introduced in Ref. [13] to account for slow surface
kinetics.
Using this model, we show in section 4 that sur-
face kinetics influences the rate of growth within the
contact region when the contact width is smaller
than a critical length scale l0 = (Dh/ν)
1/2, where
D is the diffusion constant of growth units in the
liquid film, h is the thickness of the film, and ν
is the surface kinetics coefficient. A quantitative
prediction for the growth rate is obtained in the
case of disjoining pressures which exhibit an attrac-
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tive tail at long distance. This situation occurs for
nanometer-scale film thicknesses, where attractive
van der Waals interactions are relevant. A similar
trend is observed for repulsive disjoining pressures.
We also analyze the asymptotic growth shape when
the growth outside the contact is controlled by sur-
face kinetics. Growth within the contact induces a
drift of the crystal bulk away from the substrate.
The total displacement resulting from this drift is
found to be finite. As a consequence, the asymptotic
growth shape is the free growth shape truncated by
a plane passing through the center of the crystal.
In section 5, we discuss the conditions under which
a cavity forms within the contact in the presence
of slow surface kinetics. For large contact sizes,
the critical supersaturation above which a cavity
forms vanishes in the case of repulsive interactions,
while it reaches a constant value for attractive in-
teractions. This statement extends the results of
Ref. [8] to the case of slow kinetics. The power-law
behavior characterizing the decay of the critical su-
persaturation toward its asymptotic value depends
on surface kinetics and on the type of interaction.
Finally, a straightforward generalization of the mor-
phology diagram proposed in Ref. [7, 8] is found
to be uninformative for slow kinetics, despite good
data collapse.
2. Surface kinetics
Consider a rigid crystal, where elastic deformations
are neglected. The local change of volume of the
crystal at the interface is the difference between
the normal velocity of the interface vn and the pro-
jection of the rigid-body crystal velocity u on the
surface normal nˆ. Since the crystal is rigid, the
crystallization rate v is simply proportional to this
local change of volume at the surface:
v = vn − nˆ · u . (1)
We assume a linear kinetic law, which relates the
crystallization rate to the departure from equilib-
rium. This is measured by the difference between
the concentration c of crystal molecules in the liquid
in front of the crystal and its equilibrium value ceq:
v = Ων(c− ceq) , (2)
where Ω is the molecular volume of the solid crystal,
and ν a kinetic constant.
Let us now assume that the crystal is growing in
the vicinity of an impermeable and flat substrate. A
schematics of the system is presented in fig. 1. Ne-
glecting hydrodynamic advection, we assume that
mass transport of growth units within the liquid
film is controlled by diffusion. From Fick’s law, the
local diffusion flux in the liquid is −D∇c. When
the film is thin, diffusion in the z-direction orthogo-
nal to the substrate leads to fast relaxation of the
concentration to a value that does not depend on
z [13]. As a consequence, the total mass flux in
the directions x, y parallel to the substrate is sim-
ply −Dζ∇xyc, where ζ(x, y) is the local thickness
of the thin liquid film between the crystal and the
substrate, and ∇xy = (∂x, ∂y) is the gradient opera-
tor in the x, y plane. From mass conservation, the
divergence of the diffusion flux must be proportional
to the crystallization rate
v ≈ Ω∇xy · [Dζ∇xyc], (3)
where Ω is the molecular volume of the crystal. (This
latter equation can be derived formally from the
lubrication expansion in the dilute limit, as discussed
in appendix A). Assuming that the variations of the
concentration and thickness parallel to the substrate
occur at a length scale `, eq. (3) indicates that the
crystallization rate must be of the order of ΩDζc/`2.
Comparing this expression with that enforced by
surface kinetics eq. (2), we obtain a lengthscale
l0 ≈
√
Dh
ν
, (4)
where we assumed that ζ ≈ h, the typical width of
the film.
The dynamics is in general controlled by the slow-
est process. As a consequence, we will obtain a
surface-kinetics-limited regime at scales ` l0, and
a diffusion-limited regime at scales ` l0.
Unfortunately, precise and reliable experimental
measurements of kinetic constants are scarce, and
quantitative values of ν reported in the literature
can be very different for the same material [14].
For instance, the reported kinetic constants ν range
from 10−7 to 10−4ms−1 [15, 16] for calcite, and from
ν ∼ 10−5 to 10−3ms−1 [17] for salt.
Let us consider the specific case of the experiments
of Kohler et al [7] with NaClO3. We obtain an upper
bound for l0 when using the smallest reported values
for the kinetic constant ν ∼ 10−5 ms−1 [18], a large
diffusion constant D ∼ 10−9m2s−1 (at saturation we
rather expect D ∼ 10−10m2s−1 [7, 19] ) and a large
thickness h ∼ 100nm, which is upper bound for the
experimental setup of Kohler et al [7]. This leads to
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<latexit sha1_base64="NzrgERL5h7sMWqMFeocLyu9mlHs=">AAA CBHicbVBNS8NAEN34WetX1KOXxSJ4KokIelS8eFSwVWhDmWyndXGzCbuTQgkBT/4Kr3ryJl79Hx78LyaxB219p8d7M8ybFyZKWvK8T2dufmF xabm2Ul9dW9/YdLe22zZOjcCWiFVsbkOwqKTGFklSeJsYhChUeBPen5f+zQiNlbG+pnGCQQRDLQdSABVSz3W7d0BZNwK6CweZzvOe2/CaXgU +S/wJabAJLnvuV7cfizRCTUKBtR3fSyjIwJAUCvN6N7WYgLiHIXYKqiFCG2RV8pzvpxYo5gkaLhWvRPy9kUFk7TgKi8kyop32SvE/r5PS4CTI pE5SQi3KQyQVVoesMLKoBHlfGiSCMjlyqbkAA0RoJAchCjEtOqoXffjT38+S9mHT95r+1VHj9Ozhp5ka22V77ID57Jidsgt2yVpMsBF7Ys/s xXl0Xp035/1ndM6ZtLnD/sD5+AZUFZkU</latexit><latexit sha1_base64="NzrgERL5h7sMWqMFeocLyu9mlHs=">AAA CBHicbVBNS8NAEN34WetX1KOXxSJ4KokIelS8eFSwVWhDmWyndXGzCbuTQgkBT/4Kr3ryJl79Hx78LyaxB219p8d7M8ybFyZKWvK8T2dufmF xabm2Ul9dW9/YdLe22zZOjcCWiFVsbkOwqKTGFklSeJsYhChUeBPen5f+zQiNlbG+pnGCQQRDLQdSABVSz3W7d0BZNwK6CweZzvOe2/CaXgU +S/wJabAJLnvuV7cfizRCTUKBtR3fSyjIwJAUCvN6N7WYgLiHIXYKqiFCG2RV8pzvpxYo5gkaLhWvRPy9kUFk7TgKi8kyop32SvE/r5PS4CTI pE5SQi3KQyQVVoesMLKoBHlfGiSCMjlyqbkAA0RoJAchCjEtOqoXffjT38+S9mHT95r+1VHj9Ozhp5ka22V77ID57Jidsgt2yVpMsBF7Ys/s xXl0Xp035/1ndM6ZtLnD/sD5+AZUFZkU</latexit><latexit sha1_base64="NzrgERL5h7sMWqMFeocLyu9mlHs=">AAA CBHicbVBNS8NAEN34WetX1KOXxSJ4KokIelS8eFSwVWhDmWyndXGzCbuTQgkBT/4Kr3ryJl79Hx78LyaxB219p8d7M8ybFyZKWvK8T2dufmF xabm2Ul9dW9/YdLe22zZOjcCWiFVsbkOwqKTGFklSeJsYhChUeBPen5f+zQiNlbG+pnGCQQRDLQdSABVSz3W7d0BZNwK6CweZzvOe2/CaXgU +S/wJabAJLnvuV7cfizRCTUKBtR3fSyjIwJAUCvN6N7WYgLiHIXYKqiFCG2RV8pzvpxYo5gkaLhWvRPy9kUFk7TgKi8kyop32SvE/r5PS4CTI pE5SQi3KQyQVVoesMLKoBHlfGiSCMjlyqbkAA0RoJAchCjEtOqoXffjT38+S9mHT95r+1VHj9Ozhp5ka22V77ID57Jidsgt2yVpMsBF7Ys/s xXl0Xp035/1ndM6ZtLnD/sD5+AZUFZkU</latexit><latexit sha1_base64="NzrgERL5h7sMWqMFeocLyu9mlHs=">AAA CBHicbVBNS8NAEN34WetX1KOXxSJ4KokIelS8eFSwVWhDmWyndXGzCbuTQgkBT/4Kr3ryJl79Hx78LyaxB219p8d7M8ybFyZKWvK8T2dufmF xabm2Ul9dW9/YdLe22zZOjcCWiFVsbkOwqKTGFklSeJsYhChUeBPen5f+zQiNlbG+pnGCQQRDLQdSABVSz3W7d0BZNwK6CweZzvOe2/CaXgU +S/wJabAJLnvuV7cfizRCTUKBtR3fSyjIwJAUCvN6N7WYgLiHIXYKqiFCG2RV8pzvpxYo5gkaLhWvRPy9kUFk7TgKi8kyop32SvE/r5PS4CTI pE5SQi3KQyQVVoesMLKoBHlfGiSCMjlyqbkAA0RoJAchCjEtOqoXffjT38+S9mHT95r+1VHj9Ozhp5ka22V77ID57Jidsgt2yVpMsBF7Ys/s xXl0Xp035/1ndM6ZtLnD/sD5+AZUFZkU</latexit> vn<latexit sha1_base64="U6qROURbwKVj+yg1mc/G6qULyyU=" >AAAB9XicbZA7SwNBFIXvxleMr6ilzWAQrMKuCFpGbCwjmgckS5id3MQhs7PLzN1IWAL+AVut7MTW32Phf3HzKDTxVIdz7nDvfEG spCXX/XJyK6tr6xv5zcLW9s7uXnH/oG6jxAisiUhFphlwi0pqrJEkhc3YIA8DhY1gcD3pG0M0Vkb6nkYx+iHva9mTglMW3Q07ulM suWV3KrZsvLkpwVzVTvG73Y1EEqImobi1Lc+NyU+5ISkUjgvtxGLMxYD3sZVZzUO0fjo9dcxOEsspYjEaJhWbhvj7RcpDa0dhkE2G nB7sYjcJ/+taCfUu/VTqOCHUYrKIpMLpIiuMzBgg60qDRHxyOTKpmeCGE6GRjAuRhUkGpZDx8BZ/v2zqZ2XPLXu356XK1dOMTB6O 4BhOwYMLqMANVKEGAvrwDC/w6jw6b8678zEbzTlzmofwR87nDzPqkt8=</latexit><latexit sha1_base64="U6qROURbwKVj+yg1mc/G6qULyyU=" >AAAB9XicbZA7SwNBFIXvxleMr6ilzWAQrMKuCFpGbCwjmgckS5id3MQhs7PLzN1IWAL+AVut7MTW32Phf3HzKDTxVIdz7nDvfEG spCXX/XJyK6tr6xv5zcLW9s7uXnH/oG6jxAisiUhFphlwi0pqrJEkhc3YIA8DhY1gcD3pG0M0Vkb6nkYx+iHva9mTglMW3Q07ulM suWV3KrZsvLkpwVzVTvG73Y1EEqImobi1Lc+NyU+5ISkUjgvtxGLMxYD3sZVZzUO0fjo9dcxOEsspYjEaJhWbhvj7RcpDa0dhkE2G nB7sYjcJ/+taCfUu/VTqOCHUYrKIpMLpIiuMzBgg60qDRHxyOTKpmeCGE6GRjAuRhUkGpZDx8BZ/v2zqZ2XPLXu356XK1dOMTB6O 4BhOwYMLqMANVKEGAvrwDC/w6jw6b8678zEbzTlzmofwR87nDzPqkt8=</latexit><latexit sha1_base64="U6qROURbwKVj+yg1mc/G6qULyyU=" >AAAB9XicbZA7SwNBFIXvxleMr6ilzWAQrMKuCFpGbCwjmgckS5id3MQhs7PLzN1IWAL+AVut7MTW32Phf3HzKDTxVIdz7nDvfEG spCXX/XJyK6tr6xv5zcLW9s7uXnH/oG6jxAisiUhFphlwi0pqrJEkhc3YIA8DhY1gcD3pG0M0Vkb6nkYx+iHva9mTglMW3Q07ulM suWV3KrZsvLkpwVzVTvG73Y1EEqImobi1Lc+NyU+5ISkUjgvtxGLMxYD3sZVZzUO0fjo9dcxOEsspYjEaJhWbhvj7RcpDa0dhkE2G nB7sYjcJ/+taCfUu/VTqOCHUYrKIpMLpIiuMzBgg60qDRHxyOTKpmeCGE6GRjAuRhUkGpZDx8BZ/v2zqZ2XPLXu356XK1dOMTB6O 4BhOwYMLqMANVKEGAvrwDC/w6jw6b8678zEbzTlzmofwR87nDzPqkt8=</latexit><latexit sha1_base64="U6qROURbwKVj+yg1mc/G6qULyyU=" >AAAB9XicbZA7SwNBFIXvxleMr6ilzWAQrMKuCFpGbCwjmgckS5id3MQhs7PLzN1IWAL+AVut7MTW32Phf3HzKDTxVIdz7nDvfEG spCXX/XJyK6tr6xv5zcLW9s7uXnH/oG6jxAisiUhFphlwi0pqrJEkhc3YIA8DhY1gcD3pG0M0Vkb6nkYx+iHva9mTglMW3Q07ulM suWV3KrZsvLkpwVzVTvG73Y1EEqImobi1Lc+NyU+5ISkUjgvtxGLMxYD3sZVZzUO0fjo9dcxOEsspYjEaJhWbhvj7RcpDa0dhkE2G nB7sYjcJ/+taCfUu/VTqOCHUYrKIpMLpIiuMzBgg60qDRHxyOTKpmeCGE6GRjAuRhUkGpZDx8BZ/v2zqZ2XPLXu356XK1dOMTB6O 4BhOwYMLqMANVKEGAvrwDC/w6jw6b8678zEbzTlzmofwR87nDzPqkt8=</latexit>
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<latexit sha1_base64="vRLIOtWHo/1/T05D 6goCjH5H0uc=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0EoCNpYJmA9IjjC3mcQle3vH 7pwQQn6BrVZ2YusPsvC/eHdeoYmverw3w7x5QaykJdf9dEpr6xubW+Xtys7u3v5B9fCoY6PECG yLSEWmF4BFJTW2SZLCXmwQwkBhN5jeZn73EY2Vkb6nWYx+CBMtx1IApVJLDKs1t+7m4KvEK0iN FWgOq1+DUSSSEDUJBdb2PTcmfw6GpFC4qAwSizGIKUywn1INIVp/ngdd8LPEAkU8RsOl4rmIvz fmEFo7C4N0MgR6sMteJv7n9RMaX/tzqeOEUIvsEEmF+SErjEwbQD6SBokgS45cai7AABEayUGI VEzSSippH97y96ukc1H33LrXuqw1bopmyuyEnbJz5rEr1mB3rMnaTDBkT+yZvTiJ8+q8Oe8/oy Wn2Dlmf+B8fANkmpFo</latexit><latexit sha1_base64="vRLIOtWHo/1/T05D 6goCjH5H0uc=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0EoCNpYJmA9IjjC3mcQle3vH 7pwQQn6BrVZ2YusPsvC/eHdeoYmverw3w7x5QaykJdf9dEpr6xubW+Xtys7u3v5B9fCoY6PECG yLSEWmF4BFJTW2SZLCXmwQwkBhN5jeZn73EY2Vkb6nWYx+CBMtx1IApVJLDKs1t+7m4KvEK0iN FWgOq1+DUSSSEDUJBdb2PTcmfw6GpFC4qAwSizGIKUywn1INIVp/ngdd8LPEAkU8RsOl4rmIvz fmEFo7C4N0MgR6sMteJv7n9RMaX/tzqeOEUIvsEEmF+SErjEwbQD6SBokgS45cai7AABEayUGI VEzSSippH97y96ukc1H33LrXuqw1bopmyuyEnbJz5rEr1mB3rMnaTDBkT+yZvTiJ8+q8Oe8/oy Wn2Dlmf+B8fANkmpFo</latexit><latexit sha1_base64="vRLIOtWHo/1/T05D 6goCjH5H0uc=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0EoCNpYJmA9IjjC3mcQle3vH 7pwQQn6BrVZ2YusPsvC/eHdeoYmverw3w7x5QaykJdf9dEpr6xubW+Xtys7u3v5B9fCoY6PECG yLSEWmF4BFJTW2SZLCXmwQwkBhN5jeZn73EY2Vkb6nWYx+CBMtx1IApVJLDKs1t+7m4KvEK0iN FWgOq1+DUSSSEDUJBdb2PTcmfw6GpFC4qAwSizGIKUywn1INIVp/ngdd8LPEAkU8RsOl4rmIvz fmEFo7C4N0MgR6sMteJv7n9RMaX/tzqeOEUIvsEEmF+SErjEwbQD6SBokgS45cai7AABEayUGI VEzSSippH97y96ukc1H33LrXuqw1bopmyuyEnbJz5rEr1mB3rMnaTDBkT+yZvTiJ8+q8Oe8/oy Wn2Dlmf+B8fANkmpFo</latexit><latexit sha1_base64="vRLIOtWHo/1/T05D 6goCjH5H0uc=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0EoCNpYJmA9IjjC3mcQle3vH 7pwQQn6BrVZ2YusPsvC/eHdeoYmverw3w7x5QaykJdf9dEpr6xubW+Xtys7u3v5B9fCoY6PECG yLSEWmF4BFJTW2SZLCXmwQwkBhN5jeZn73EY2Vkb6nWYx+CBMtx1IApVJLDKs1t+7m4KvEK0iN FWgOq1+DUSSSEDUJBdb2PTcmfw6GpFC4qAwSizGIKUywn1INIVp/ngdd8LPEAkU8RsOl4rmIvz fmEFo7C4N0MgR6sMteJv7n9RMaX/tzqeOEUIvsEEmF+SErjEwbQD6SBokgS45cai7AABEayUGI VEzSSippH97y96ukc1H33LrXuqw1bopmyuyEnbJz5rEr1mB3rMnaTDBkT+yZvTiJ8+q8Oe8/oy Wn2Dlmf+B8fANkmpFo</latexit>
⇣
Fz
<latexit sha1_base64="PLSe15ND2WBxmSbuHF61Ar2L PWo=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CQBQTxGNA9IljA76cQhsw9mepW45BO86smbePV7PPgv7q570M Q6FVXddHV5kZKGbPvTWlhcWl5ZLa2V1zc2t7YrO7stE8ZaYFOEKtQdjxtUMsAmSVLYiTRy31PY9sYXmd++R21kGNzSJ ELX56NADqXglEo3l/3HfqVq1+wcbJ44BalCgUa/8tUbhCL2MSChuDFdx47ITbgmKRROy73YYMTFmI+wm9KA+2jcJI86Z Yex4RSyCDWTiuUi/t5IuG/MxPfSSZ/TnZn1MvE/rxvT8MxNZBDFhIHIDpFUmB8yQsu0A2QDqZGIZ8mRyYAJrjkRasm4 EKkYp6WU0z6c2e/nSeu45tg15/qkWj8vminBPhzAEThwCnW4ggY0QcAInuAZXqwH69V6s95/RhesYmcP/sD6+AbUeJI4 </latexit><latexit sha1_base64="PLSe15ND2WBxmSbuHF61Ar2L PWo=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CQBQTxGNA9IljA76cQhsw9mepW45BO86smbePV7PPgv7q570M Q6FVXddHV5kZKGbPvTWlhcWl5ZLa2V1zc2t7YrO7stE8ZaYFOEKtQdjxtUMsAmSVLYiTRy31PY9sYXmd++R21kGNzSJ ELX56NADqXglEo3l/3HfqVq1+wcbJ44BalCgUa/8tUbhCL2MSChuDFdx47ITbgmKRROy73YYMTFmI+wm9KA+2jcJI86Z Yex4RSyCDWTiuUi/t5IuG/MxPfSSZ/TnZn1MvE/rxvT8MxNZBDFhIHIDpFUmB8yQsu0A2QDqZGIZ8mRyYAJrjkRasm4 EKkYp6WU0z6c2e/nSeu45tg15/qkWj8vminBPhzAEThwCnW4ggY0QcAInuAZXqwH69V6s95/RhesYmcP/sD6+AbUeJI4 </latexit><latexit sha1_base64="PLSe15ND2WBxmSbuHF61Ar2L PWo=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CQBQTxGNA9IljA76cQhsw9mepW45BO86smbePV7PPgv7q570M Q6FVXddHV5kZKGbPvTWlhcWl5ZLa2V1zc2t7YrO7stE8ZaYFOEKtQdjxtUMsAmSVLYiTRy31PY9sYXmd++R21kGNzSJ ELX56NADqXglEo3l/3HfqVq1+wcbJ44BalCgUa/8tUbhCL2MSChuDFdx47ITbgmKRROy73YYMTFmI+wm9KA+2jcJI86Z Yex4RSyCDWTiuUi/t5IuG/MxPfSSZ/TnZn1MvE/rxvT8MxNZBDFhIHIDpFUmB8yQsu0A2QDqZGIZ8mRyYAJrjkRasm4 EKkYp6WU0z6c2e/nSeu45tg15/qkWj8vminBPhzAEThwCnW4ggY0QcAInuAZXqwH69V6s95/RhesYmcP/sD6+AbUeJI4 </latexit><latexit sha1_base64="PLSe15ND2WBxmSbuHF61Ar2L PWo=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CQBQTxGNA9IljA76cQhsw9mepW45BO86smbePV7PPgv7q570M Q6FVXddHV5kZKGbPvTWlhcWl5ZLa2V1zc2t7YrO7stE8ZaYFOEKtQdjxtUMsAmSVLYiTRy31PY9sYXmd++R21kGNzSJ ELX56NADqXglEo3l/3HfqVq1+wcbJ44BalCgUa/8tUbhCL2MSChuDFdx47ITbgmKRROy73YYMTFmI+wm9KA+2jcJI86Z Yex4RSyCDWTiuUi/t5IuG/MxPfSSZ/TnZn1MvE/rxvT8MxNZBDFhIHIDpFUmB8yQsu0A2QDqZGIZ8mRyYAJrjkRasm4 EKkYp6WU0z6c2e/nSeu45tg15/qkWj8vminBPhzAEThwCnW4ggY0QcAInuAZXqwH69V6s95/RhesYmcP/sD6+AbUeJI4 </latexit>
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<latexit sha1_base64="sFsW/YaMrvg82O92/Fweod wOWHc=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCggpFoqFMJPKQEis6XzbhlPPZulsjoihfQAsVHaLlgy j4F2zjAhKmGs3samcniJW05Lqfzsrq2vrGZmmrvL2zu7dfOThs2ygxAlsiUpHpBtyikhpbJElhNzbIw0BhJ5jcZ H7nAY2Vkb6jaYx+yMdajqTglErNx0Gl6tbcHGyZeAWpQoHGoPLVH0YiCVGTUNzanufG5M+4ISkUzsv9xGLMxYSP sZdSzUO0/iwPOmenieUUsRgNk4rlIv7emPHQ2mkYpJMhp3u76GXif14vodGVP5M6Tgi1yA6RVJgfssLItAFkQ2 mQiGfJkUnNBDecCI1kXIhUTNJKymkf3uL3y6R9XvPcmte8qNavi2ZKcAwncAYeXEIdbqEBLRCA8ATP8OIkzqvz5 rz/jK44xc4R/IHz8Q2FVZF9</latexit><latexit sha1_base64="sFsW/YaMrvg82O92/Fweod wOWHc=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCggpFoqFMJPKQEis6XzbhlPPZulsjoihfQAsVHaLlgy j4F2zjAhKmGs3samcniJW05Lqfzsrq2vrGZmmrvL2zu7dfOThs2ygxAlsiUpHpBtyikhpbJElhNzbIw0BhJ5jcZ H7nAY2Vkb6jaYx+yMdajqTglErNx0Gl6tbcHGyZeAWpQoHGoPLVH0YiCVGTUNzanufG5M+4ISkUzsv9xGLMxYSP sZdSzUO0/iwPOmenieUUsRgNk4rlIv7emPHQ2mkYpJMhp3u76GXif14vodGVP5M6Tgi1yA6RVJgfssLItAFkQ2 mQiGfJkUnNBDecCI1kXIhUTNJKymkf3uL3y6R9XvPcmte8qNavi2ZKcAwncAYeXEIdbqEBLRCA8ATP8OIkzqvz5 rz/jK44xc4R/IHz8Q2FVZF9</latexit><latexit sha1_base64="sFsW/YaMrvg82O92/Fweod wOWHc=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCggpFoqFMJPKQEis6XzbhlPPZulsjoihfQAsVHaLlgy j4F2zjAhKmGs3samcniJW05Lqfzsrq2vrGZmmrvL2zu7dfOThs2ygxAlsiUpHpBtyikhpbJElhNzbIw0BhJ5jcZ H7nAY2Vkb6jaYx+yMdajqTglErNx0Gl6tbcHGyZeAWpQoHGoPLVH0YiCVGTUNzanufG5M+4ISkUzsv9xGLMxYSP sZdSzUO0/iwPOmenieUUsRgNk4rlIv7emPHQ2mkYpJMhp3u76GXif14vodGVP5M6Tgi1yA6RVJgfssLItAFkQ2 mQiGfJkUnNBDecCI1kXIhUTNJKymkf3uL3y6R9XvPcmte8qNavi2ZKcAwncAYeXEIdbqEBLRCA8ATP8OIkzqvz5 rz/jK44xc4R/IHz8Q2FVZF9</latexit><latexit sha1_base64="sFsW/YaMrvg82O92/Fweod wOWHc=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCggpFoqFMJPKQEis6XzbhlPPZulsjoihfQAsVHaLlgy j4F2zjAhKmGs3samcniJW05Lqfzsrq2vrGZmmrvL2zu7dfOThs2ygxAlsiUpHpBtyikhpbJElhNzbIw0BhJ5jcZ H7nAY2Vkb6jaYx+yMdajqTglErNx0Gl6tbcHGyZeAWpQoHGoPLVH0YiCVGTUNzanufG5M+4ISkUzsv9xGLMxYSP sZdSzUO0/iwPOmenieUUsRgNk4rlIv7emPHQ2mkYpJMhp3u76GXif14vodGVP5M6Tgi1yA6RVJgfssLItAFkQ2 mQiGfJkUnNBDecCI1kXIhUTNJKymkf3uL3y6R9XvPcmte8qNavi2ZKcAwncAYeXEIdbqEBLRCA8ATP8OIkzqvz5 rz/jK44xc4R/IHz8Q2FVZF9</latexit>
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<latexit sha1_base64="yuAeyZZ1YG+VdRK+UKQX5J Q0hk4=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCggpFoqFMJPKQEis6XzbhlPPZulsjhShfQAsVHaLlgy j4F2zjAhKmGs3samcniJW05Lqfzsrq2vrGZmmrvL2zu7dfOThs2ygxAlsiUpHpBtyikhpbJElhNzbIw0BhJ5jcZ H7nAY2Vkb6jaYx+yMdajqTglErNx0Gl6tbcHGyZeAWpQoHGoPLVH0YiCVGTUNzanufG5M+4ISkUzsv9xGLMxYSP sZdSzUO0/iwPOmenieUUsRgNk4rlIv7emPHQ2mkYpJMhp3u76GXif14vodGVP5M6Tgi1yA6RVJgfssLItAFkQ2 mQiGfJkUnNBDecCI1kXIhUTNJKymkf3uL3y6R9XvPcmte8qNavi2ZKcAwncAYeXEIdbqEBLRCA8ATP8OIkzqvz5 rz/jK44xc4R/IHz8Q2Ic5F/</latexit><latexit sha1_base64="yuAeyZZ1YG+VdRK+UKQX5J Q0hk4=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCggpFoqFMJPKQEis6XzbhlPPZulsjhShfQAsVHaLlgy j4F2zjAhKmGs3samcniJW05Lqfzsrq2vrGZmmrvL2zu7dfOThs2ygxAlsiUpHpBtyikhpbJElhNzbIw0BhJ5jcZ H7nAY2Vkb6jaYx+yMdajqTglErNx0Gl6tbcHGyZeAWpQoHGoPLVH0YiCVGTUNzanufG5M+4ISkUzsv9xGLMxYSP sZdSzUO0/iwPOmenieUUsRgNk4rlIv7emPHQ2mkYpJMhp3u76GXif14vodGVP5M6Tgi1yA6RVJgfssLItAFkQ2 mQiGfJkUnNBDecCI1kXIhUTNJKymkf3uL3y6R9XvPcmte8qNavi2ZKcAwncAYeXEIdbqEBLRCA8ATP8OIkzqvz5 rz/jK44xc4R/IHz8Q2Ic5F/</latexit><latexit sha1_base64="yuAeyZZ1YG+VdRK+UKQX5J Q0hk4=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCggpFoqFMJPKQEis6XzbhlPPZulsjhShfQAsVHaLlgy j4F2zjAhKmGs3samcniJW05Lqfzsrq2vrGZmmrvL2zu7dfOThs2ygxAlsiUpHpBtyikhpbJElhNzbIw0BhJ5jcZ H7nAY2Vkb6jaYx+yMdajqTglErNx0Gl6tbcHGyZeAWpQoHGoPLVH0YiCVGTUNzanufG5M+4ISkUzsv9xGLMxYSP sZdSzUO0/iwPOmenieUUsRgNk4rlIv7emPHQ2mkYpJMhp3u76GXif14vodGVP5M6Tgi1yA6RVJgfssLItAFkQ2 mQiGfJkUnNBDecCI1kXIhUTNJKymkf3uL3y6R9XvPcmte8qNavi2ZKcAwncAYeXEIdbqEBLRCA8ATP8OIkzqvz5 rz/jK44xc4R/IHz8Q2Ic5F/</latexit><latexit sha1_base64="yuAeyZZ1YG+VdRK+UKQX5J Q0hk4=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTZCggpFoqFMJPKQEis6XzbhlPPZulsjhShfQAsVHaLlgy j4F2zjAhKmGs3samcniJW05Lqfzsrq2vrGZmmrvL2zu7dfOThs2ygxAlsiUpHpBtyikhpbJElhNzbIw0BhJ5jcZ H7nAY2Vkb6jaYx+yMdajqTglErNx0Gl6tbcHGyZeAWpQoHGoPLVH0YiCVGTUNzanufG5M+4ISkUzsv9xGLMxYSP sZdSzUO0/iwPOmenieUUsRgNk4rlIv7emPHQ2mkYpJMhp3u76GXif14vodGVP5M6Tgi1yA6RVJgfssLItAFkQ2 mQiGfJkUnNBDecCI1kXIhUTNJKymkf3uL3y6R9XvPcmte8qNavi2ZKcAwncAYeXEIdbqEBLRCA8ATP8OIkzqvz5 rz/jK44xc4R/IHz8Q2Ic5F/</latexit>
y
<latexit sha1_base64="mFcPoSQQuRFKItcTS359DQ dHqkY=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePGYgHlAsoTZSScOmX0w0yOEkC/wqidv4tUP8u C/uLvuQRPrVFR109UVJEoact1Pp7S2vrG5Vd6u7Ozu7R9UD486JrZaYFvEKta9gBtUMsI2SVLYSzTyMFDYDaa3m d99RG1kHN3TLEE/5JNIjqXglEqt2bBac+tuDrZKvILUoEBzWP0ajGJhQ4xIKG5M33MT8udckxQKF5WBNZhwMeUT 7Kc04iEaf54HXbAzazjFLEHNpGK5iL835jw0ZhYG6WTI6cEse5n4n9e3NL725zJKLGEkskMkFeaHjNAybQDZSG ok4llyZDJigmtOhFoyLkQq2rSSStqHt/z9Kulc1D237rUua42bopkynMApnIMHV9CAO2hCGwQgPMEzvDjWeXXen Pef0ZJT7BzDHzgf34bkkX4=</latexit><latexit sha1_base64="mFcPoSQQuRFKItcTS359DQ dHqkY=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePGYgHlAsoTZSScOmX0w0yOEkC/wqidv4tUP8u C/uLvuQRPrVFR109UVJEoact1Pp7S2vrG5Vd6u7Ozu7R9UD486JrZaYFvEKta9gBtUMsI2SVLYSzTyMFDYDaa3m d99RG1kHN3TLEE/5JNIjqXglEqt2bBac+tuDrZKvILUoEBzWP0ajGJhQ4xIKG5M33MT8udckxQKF5WBNZhwMeUT 7Kc04iEaf54HXbAzazjFLEHNpGK5iL835jw0ZhYG6WTI6cEse5n4n9e3NL725zJKLGEkskMkFeaHjNAybQDZSG ok4llyZDJigmtOhFoyLkQq2rSSStqHt/z9Kulc1D237rUua42bopkynMApnIMHV9CAO2hCGwQgPMEzvDjWeXXen Pef0ZJT7BzDHzgf34bkkX4=</latexit><latexit sha1_base64="mFcPoSQQuRFKItcTS359DQ dHqkY=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePGYgHlAsoTZSScOmX0w0yOEkC/wqidv4tUP8u C/uLvuQRPrVFR109UVJEoact1Pp7S2vrG5Vd6u7Ozu7R9UD486JrZaYFvEKta9gBtUMsI2SVLYSzTyMFDYDaa3m d99RG1kHN3TLEE/5JNIjqXglEqt2bBac+tuDrZKvILUoEBzWP0ajGJhQ4xIKG5M33MT8udckxQKF5WBNZhwMeUT 7Kc04iEaf54HXbAzazjFLEHNpGK5iL835jw0ZhYG6WTI6cEse5n4n9e3NL725zJKLGEkskMkFeaHjNAybQDZSG ok4llyZDJigmtOhFoyLkQq2rSSStqHt/z9Kulc1D237rUua42bopkynMApnIMHV9CAO2hCGwQgPMEzvDjWeXXen Pef0ZJT7BzDHzgf34bkkX4=</latexit><latexit sha1_base64="mFcPoSQQuRFKItcTS359DQ dHqkY=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoCcJePGYgHlAsoTZSScOmX0w0yOEkC/wqidv4tUP8u C/uLvuQRPrVFR109UVJEoact1Pp7S2vrG5Vd6u7Ozu7R9UD486JrZaYFvEKta9gBtUMsI2SVLYSzTyMFDYDaa3m d99RG1kHN3TLEE/5JNIjqXglEqt2bBac+tuDrZKvILUoEBzWP0ajGJhQ4xIKG5M33MT8udckxQKF5WBNZhwMeUT 7Kc04iEaf54HXbAzazjFLEHNpGK5iL835jw0ZhYG6WTI6cEse5n4n9e3NL725zJKLGEkskMkFeaHjNAybQDZSG ok4llyZDJigmtOhFoyLkQq2rSSStqHt/z9Kulc1D237rUua42bopkynMApnIMHV9CAO2hCGwQgPMEzvDjWeXXen Pef0ZJT7BzDHzgf34bkkX4=</latexit>
p
<latexit sha1_base64="8b6aeH0ZZ9yqA62 j81Uy47YYLKs=">AAAB83icdVBNS0JBFJ1nX2ZfVss2QxK0khmJ1E0IbVoqpAb6kHnj1QbnfT BzXyDiL2hbq3bRth/Uov/SPDOoqLM6nHMv99wTJFpZZOzNy62srq1v5DcLW9s7u3vF/YOOjV MjoS1jHZubQFjQKoI2KtRwkxgQYaChG0wuM797B8aqOLrGaQJ+KMaRGikp0EmtZFAssTJjjHN OM8Kr58yRer1W4TXKM8uhRJZoDorv/WEs0xAilFpY2+MsQX8mDCqpYV7opxYSISdiDD1HIxGC 9WeLoHN6klqBMU3AUKXpQoTvGzMRWjsNAzcZCry1v71M/MvrpTiq+TMVJSlCJLNDqDQsDllp lGsA6FAZQBRZcqAqolIYgQhGUSGlE1NXScH18fU0/Z90KmXOyrx1VmpcLJvJkyNyTE4JJ1XSI FekSdpEEiD35IE8eqn35D17L5+jOW+5c0h+wHv9AMglkas=</latexit><latexit sha1_base64="8b6aeH0ZZ9yqA62 j81Uy47YYLKs=">AAAB83icdVBNS0JBFJ1nX2ZfVss2QxK0khmJ1E0IbVoqpAb6kHnj1QbnfT BzXyDiL2hbq3bRth/Uov/SPDOoqLM6nHMv99wTJFpZZOzNy62srq1v5DcLW9s7u3vF/YOOjV MjoS1jHZubQFjQKoI2KtRwkxgQYaChG0wuM797B8aqOLrGaQJ+KMaRGikp0EmtZFAssTJjjHN OM8Kr58yRer1W4TXKM8uhRJZoDorv/WEs0xAilFpY2+MsQX8mDCqpYV7opxYSISdiDD1HIxGC 9WeLoHN6klqBMU3AUKXpQoTvGzMRWjsNAzcZCry1v71M/MvrpTiq+TMVJSlCJLNDqDQsDllp lGsA6FAZQBRZcqAqolIYgQhGUSGlE1NXScH18fU0/Z90KmXOyrx1VmpcLJvJkyNyTE4JJ1XSI FekSdpEEiD35IE8eqn35D17L5+jOW+5c0h+wHv9AMglkas=</latexit><latexit sha1_base64="8b6aeH0ZZ9yqA62 j81Uy47YYLKs=">AAAB83icdVBNS0JBFJ1nX2ZfVss2QxK0khmJ1E0IbVoqpAb6kHnj1QbnfT BzXyDiL2hbq3bRth/Uov/SPDOoqLM6nHMv99wTJFpZZOzNy62srq1v5DcLW9s7u3vF/YOOjV MjoS1jHZubQFjQKoI2KtRwkxgQYaChG0wuM797B8aqOLrGaQJ+KMaRGikp0EmtZFAssTJjjHN OM8Kr58yRer1W4TXKM8uhRJZoDorv/WEs0xAilFpY2+MsQX8mDCqpYV7opxYSISdiDD1HIxGC 9WeLoHN6klqBMU3AUKXpQoTvGzMRWjsNAzcZCry1v71M/MvrpTiq+TMVJSlCJLNDqDQsDllp lGsA6FAZQBRZcqAqolIYgQhGUSGlE1NXScH18fU0/Z90KmXOyrx1VmpcLJvJkyNyTE4JJ1XSI FekSdpEEiD35IE8eqn35D17L5+jOW+5c0h+wHv9AMglkas=</latexit><latexit sha1_base64="8b6aeH0ZZ9yqA62 j81Uy47YYLKs=">AAAB83icdVBNS0JBFJ1nX2ZfVss2QxK0khmJ1E0IbVoqpAb6kHnj1QbnfT BzXyDiL2hbq3bRth/Uov/SPDOoqLM6nHMv99wTJFpZZOzNy62srq1v5DcLW9s7u3vF/YOOjV MjoS1jHZubQFjQKoI2KtRwkxgQYaChG0wuM797B8aqOLrGaQJ+KMaRGikp0EmtZFAssTJjjHN OM8Kr58yRer1W4TXKM8uhRJZoDorv/WEs0xAilFpY2+MsQX8mDCqpYV7opxYSISdiDD1HIxGC 9WeLoHN6klqBMU3AUKXpQoTvGzMRWjsNAzcZCry1v71M/MvrpTiq+TMVJSlCJLNDqDQsDllp lGsA6FAZQBRZcqAqolIYgQhGUSGlE1NXScH18fU0/Z90KmXOyrx1VmpcLJvJkyNyTE4JJ1XSI FekSdpEEiD35IE8eqn35D17L5+jOW+5c0h+wHv9AMglkas=</latexit>
U(⇣)⇢L
<latexit sha1_base64="qOyAhw1+/EtQ/OU10l+9JZIV/2w=">A AAB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISFBQUQSIPKbGi82WTHDk/dLdGClb+gRYqOkTL31DwL9jGBSRMNZrZ1c6OFylpyLY/ra XlldW19dJGeXNre2e3srffMmGsBTZFqELd8bhBJQNskiSFnUgj9z2FbW9ymfntB9RGhsEdTSN0fT4K5FAKTqnU6ulx2L/pV6p2zc7BFol TkCoUaPQrX71BKGIfAxKKG9N17IjchGuSQuGs3IsNRlxM+Ai7KQ24j8ZN8rQzdhwbTiGLUDOpWC7i742E+8ZMfS+d9DmNzbyXif953ZiG F24igygmDER2iKTC/JARWqY1IBtIjUQ8S45MBkxwzYlQS8aFSMU47aWc9uHMf79IWqc1x645t2fV+lXRTAkO4QhOwIFzqMM1NKAJAu7hC Z7hxXq0Xq036/1ndMkqdg7gD6yPbyXPk40=</latexit><latexit sha1_base64="qOyAhw1+/EtQ/OU10l+9JZIV/2w=">A AAB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISFBQUQSIPKbGi82WTHDk/dLdGClb+gRYqOkTL31DwL9jGBSRMNZrZ1c6OFylpyLY/ra XlldW19dJGeXNre2e3srffMmGsBTZFqELd8bhBJQNskiSFnUgj9z2FbW9ymfntB9RGhsEdTSN0fT4K5FAKTqnU6ulx2L/pV6p2zc7BFol TkCoUaPQrX71BKGIfAxKKG9N17IjchGuSQuGs3IsNRlxM+Ai7KQ24j8ZN8rQzdhwbTiGLUDOpWC7i742E+8ZMfS+d9DmNzbyXif953ZiG F24igygmDER2iKTC/JARWqY1IBtIjUQ8S45MBkxwzYlQS8aFSMU47aWc9uHMf79IWqc1x645t2fV+lXRTAkO4QhOwIFzqMM1NKAJAu7hC Z7hxXq0Xq036/1ndMkqdg7gD6yPbyXPk40=</latexit><latexit sha1_base64="qOyAhw1+/EtQ/OU10l+9JZIV/2w=">A AAB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISFBQUQSIPKbGi82WTHDk/dLdGClb+gRYqOkTL31DwL9jGBSRMNZrZ1c6OFylpyLY/ra XlldW19dJGeXNre2e3srffMmGsBTZFqELd8bhBJQNskiSFnUgj9z2FbW9ymfntB9RGhsEdTSN0fT4K5FAKTqnU6ulx2L/pV6p2zc7BFol TkCoUaPQrX71BKGIfAxKKG9N17IjchGuSQuGs3IsNRlxM+Ai7KQ24j8ZN8rQzdhwbTiGLUDOpWC7i742E+8ZMfS+d9DmNzbyXif953ZiG F24igygmDER2iKTC/JARWqY1IBtIjUQ8S45MBkxwzYlQS8aFSMU47aWc9uHMf79IWqc1x645t2fV+lXRTAkO4QhOwIFzqMM1NKAJAu7hC Z7hxXq0Xq036/1ndMkqdg7gD6yPbyXPk40=</latexit><latexit sha1_base64="qOyAhw1+/EtQ/OU10l+9JZIV/2w=">A AAB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjISFBQUQSIPKbGi82WTHDk/dLdGClb+gRYqOkTL31DwL9jGBSRMNZrZ1c6OFylpyLY/ra XlldW19dJGeXNre2e3srffMmGsBTZFqELd8bhBJQNskiSFnUgj9z2FbW9ymfntB9RGhsEdTSN0fT4K5FAKTqnU6ulx2L/pV6p2zc7BFol TkCoUaPQrX71BKGIfAxKKG9N17IjchGuSQuGs3IsNRlxM+Ai7KQ24j8ZN8rQzdhwbTiGLUDOpWC7i742E+8ZMfS+d9DmNzbyXif953ZiG F24igygmDER2iKTC/JARWqY1IBtIjUQ8S45MBkxwzYlQS8aFSMU47aWc9uHMf79IWqc1x645t2fV+lXRTAkO4QhOwIFzqMM1NKAJAu7hC Z7hxXq0Xq036/1ndMkqdg7gD6yPbyXPk40=</latexit>
⇢C
<latexit sha1_base64="gixd+1i0A7kRhGAi/plQSBLUEx0=">AA AB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjJSKCiDRB5SYkXnyyY5cn7obo0UrPwDLVR0iJa/oeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr 6xubpa3y9s7u3n7l4LBtwlgLbIlQhbrrcYNKBtgiSQq7kUbuewo73rSR+Z0H1EaGwR3NInR9Pg7kSApOqdTu60k4aAwqVbtm52DLxClIFQ o0B5Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7uxwYjLqZ8jL2UBtxH4yZ52jk7jQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBF BMGIjtEUmF+yAgt0xqQDaVGIp4lRyYDJrjmRKgl40KkYpz2Uk77cBa/Xybt85pj15zbi2r9umimBMdwAmfgwCXU4Qaa0AIB9/AEz/BiPVq v1pv1/jO6YhU7R/AH1sc3F8iThA==</latexit><latexit sha1_base64="gixd+1i0A7kRhGAi/plQSBLUEx0=">AA AB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjJSKCiDRB5SYkXnyyY5cn7obo0UrPwDLVR0iJa/oeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr 6xubpa3y9s7u3n7l4LBtwlgLbIlQhbrrcYNKBtgiSQq7kUbuewo73rSR+Z0H1EaGwR3NInR9Pg7kSApOqdTu60k4aAwqVbtm52DLxClIFQ o0B5Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7uxwYjLqZ8jL2UBtxH4yZ52jk7jQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBF BMGIjtEUmF+yAgt0xqQDaVGIp4lRyYDJrjmRKgl40KkYpz2Uk77cBa/Xybt85pj15zbi2r9umimBMdwAmfgwCXU4Qaa0AIB9/AEz/BiPVq v1pv1/jO6YhU7R/AH1sc3F8iThA==</latexit><latexit sha1_base64="gixd+1i0A7kRhGAi/plQSBLUEx0=">AA AB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjJSKCiDRB5SYkXnyyY5cn7obo0UrPwDLVR0iJa/oeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr 6xubpa3y9s7u3n7l4LBtwlgLbIlQhbrrcYNKBtgiSQq7kUbuewo73rSR+Z0H1EaGwR3NInR9Pg7kSApOqdTu60k4aAwqVbtm52DLxClIFQ o0B5Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7uxwYjLqZ8jL2UBtxH4yZ52jk7jQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBF BMGIjtEUmF+yAgt0xqQDaVGIp4lRyYDJrjmRKgl40KkYpz2Uk77cBa/Xybt85pj15zbi2r9umimBMdwAmfgwCXU4Qaa0AIB9/AEz/BiPVq v1pv1/jO6YhU7R/AH1sc3F8iThA==</latexit><latexit sha1_base64="gixd+1i0A7kRhGAi/plQSBLUEx0=">AA AB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjJSKCiDRB5SYkXnyyY5cn7obo0UrPwDLVR0iJa/oeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr 6xubpa3y9s7u3n7l4LBtwlgLbIlQhbrrcYNKBtgiSQq7kUbuewo73rSR+Z0H1EaGwR3NInR9Pg7kSApOqdTu60k4aAwqVbtm52DLxClIFQ o0B5Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7uxwYjLqZ8jL2UBtxH4yZ52jk7jQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBF BMGIjtEUmF+yAgt0xqQDaVGIp4lRyYDJrjmRKgl40KkYpz2Uk77cBa/Xybt85pj15zbi2r9umimBMdwAmfgwCXU4Qaa0AIB9/AEz/BiPVq v1pv1/jO6YhU7R/AH1sc3F8iThA==</latexit>
x
<latexit sha1_base64="9bcsCTdZGuftBqrO81kHyA ZAB7w=">AAAB83icbVC7TgMxEPTxDOEVoKSxiJCoojuEBGUQDWUikYeUnCKfswlWfL6TvUZEUb6AFio6RMsHUf Av+I4rIGGq0cyudnaiVAqDvv/prayurW9slrbK2zu7e/uVg8O2Sazm0OKJTHQ3YgakUNBCgRK6qQYWRxI60eQm8 zsPoI1I1B1OUwhjNlZiJDhDJzUfB5WqX/Nz0GUSFKRKCjQGla/+MOE2BoVcMmN6gZ9iOGMaBZcwL/etgZTxCRtD z1HFYjDhLA86p6fWMExoCpoKSXMRfm/MWGzMNI7cZMzw3ix6mfif17M4ugpnQqUWQfHsEAoJ+SHDtXANAB0KDY gsSw5UKMqZZoigBWWcO9G6Ssquj2Dx+2XSPq8FjjcvqvXropkSOSYn5IwE5JLUyS1pkBbhBMgTeSYvnvVevTfv/ Wd0xSt2jsgfeB/fhj6RgA==</latexit><latexit sha1_base64="9bcsCTdZGuftBqrO81kHyA ZAB7w=">AAAB83icbVC7TgMxEPTxDOEVoKSxiJCoojuEBGUQDWUikYeUnCKfswlWfL6TvUZEUb6AFio6RMsHUf Av+I4rIGGq0cyudnaiVAqDvv/prayurW9slrbK2zu7e/uVg8O2Sazm0OKJTHQ3YgakUNBCgRK6qQYWRxI60eQm8 zsPoI1I1B1OUwhjNlZiJDhDJzUfB5WqX/Nz0GUSFKRKCjQGla/+MOE2BoVcMmN6gZ9iOGMaBZcwL/etgZTxCRtD z1HFYjDhLA86p6fWMExoCpoKSXMRfm/MWGzMNI7cZMzw3ix6mfif17M4ugpnQqUWQfHsEAoJ+SHDtXANAB0KDY gsSw5UKMqZZoigBWWcO9G6Ssquj2Dx+2XSPq8FjjcvqvXropkSOSYn5IwE5JLUyS1pkBbhBMgTeSYvnvVevTfv/ Wd0xSt2jsgfeB/fhj6RgA==</latexit><latexit sha1_base64="9bcsCTdZGuftBqrO81kHyA ZAB7w=">AAAB83icbVC7TgMxEPTxDOEVoKSxiJCoojuEBGUQDWUikYeUnCKfswlWfL6TvUZEUb6AFio6RMsHUf Av+I4rIGGq0cyudnaiVAqDvv/prayurW9slrbK2zu7e/uVg8O2Sazm0OKJTHQ3YgakUNBCgRK6qQYWRxI60eQm8 zsPoI1I1B1OUwhjNlZiJDhDJzUfB5WqX/Nz0GUSFKRKCjQGla/+MOE2BoVcMmN6gZ9iOGMaBZcwL/etgZTxCRtD z1HFYjDhLA86p6fWMExoCpoKSXMRfm/MWGzMNI7cZMzw3ix6mfif17M4ugpnQqUWQfHsEAoJ+SHDtXANAB0KDY gsSw5UKMqZZoigBWWcO9G6Ssquj2Dx+2XSPq8FjjcvqvXropkSOSYn5IwE5JLUyS1pkBbhBMgTeSYvnvVevTfv/ Wd0xSt2jsgfeB/fhj6RgA==</latexit><latexit sha1_base64="9bcsCTdZGuftBqrO81kHyA ZAB7w=">AAAB83icbVC7TgMxEPTxDOEVoKSxiJCoojuEBGUQDWUikYeUnCKfswlWfL6TvUZEUb6AFio6RMsHUf Av+I4rIGGq0cyudnaiVAqDvv/prayurW9slrbK2zu7e/uVg8O2Sazm0OKJTHQ3YgakUNBCgRK6qQYWRxI60eQm8 zsPoI1I1B1OUwhjNlZiJDhDJzUfB5WqX/Nz0GUSFKRKCjQGla/+MOE2BoVcMmN6gZ9iOGMaBZcwL/etgZTxCRtD z1HFYjDhLA86p6fWMExoCpoKSXMRfm/MWGzMNI7cZMzw3ix6mfif17M4ugpnQqUWQfHsEAoJ+SHDtXANAB0KDY gsSw5UKMqZZoigBWWcO9G6Ssquj2Dx+2XSPq8FjjcvqvXropkSOSYn5IwE5JLUyS1pkBbhBMgTeSYvnvVevTfv/ Wd0xSt2jsgfeB/fhj6RgA==</latexit>
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Figure 1: Sketch of a crystal in the vicinity of a substrate,
and zoom in the contact region. Notations are defined in the
text and in appendix A.
l0 ∼ 3µm. Such a value of l0 is small as compared to
the crystal sizes used in Ref.[7] which were ranging
from 10µm to 100µm. Hence, we can safely assume
that in those experiments the formation of the cavity
was indeed within the diffusion-limited regime.
However, if we consider a less soluble material
such as CaCO3, characterized by a much slower
surface kinetics, the scenario could be different. Us-
ing again D ∼ 10−9m2s−1 and h ∼ 100nm and
assuming the smallest kinetic constant reported
ν = 10−7ms−1 [15], we obtain l0 ∼ 30µm. This
value is comparable to the crystal sizes used in ex-
periments [7, 12].
3. Thin film Model
3.1. Model equations
Following the same lines as in Ref. [13], the dynam-
ics within the contact is described by a thin film
model based on the small slope limit (also called the
lubrication limit) [20]. Details about the derivation
of these equations are reported in appendix A. In
the following, we only provide a heuristic discussion
of the resulting equations.
The model assumes a rigid crystal, equal solid
and liquid densities and the dilute limit. Rotations
and translations along the plane of the substrate
x, y are not considered. The motion of the solid is
restricted to translations along the z axis. Hence,
the rigid body crystal velocity is u = uz zˆ, where zˆ
is the unit vector along the z axis.
In the lubrication limit, the slopes are small, i.e.,
|∇ζ|  1. As a consequence, the local growth rate
is approximated by the rate along the z direction:
v ≈ vz. We focus on the case of an axisymmetric con-
tact, while general equations in non-axisymmetric
geometries are reported in appendix A. In the ax-
isymmetric geometry, eqs. (1) to (3) read
∂tζ(r, t) = −vz(r, t)− uz(t) , (5)
c(r, t) = ceq(r, t) +
vz(r, t)
Ων
, (6)
vz(r, t) = DΩ
1
r
∂r
[
rζ∂rc(r, t)
]
, (7)
with D the diffusion constant, Ω the molecular vol-
ume in the crystal and c the concentration at the
liquid-crystal interface.
In the dilute limit, the local equilibrium concen-
tration ceq entering in eq. (6) depends on the local
chemical potential ∆µ via the thermodynamic rela-
tion
ceq = c0 exp
[
∆µ
kBT
]
≈ c0
(
1 +
∆µ
kBT
)
(8)
where c0 is the solubility, kB the Boltzmann con-
stant, T the temperature (assumed constant and
homogeneous), and ∆µ is the chemical potential at
the crystal-liquid interface. Following [7, 13], we
assume ∆µ/kBT  1 and we linearize the exponen-
tial in eq. (8). Accounting for anisotropy and for
the presence of a substrate [13, 21, 22], the chemical
potential is composed of two contributions
∆µ
Ω
= γ˜κ− U ′(ζ) (9)
The first term in eq. (9) depends on the surface
free-energy γ. Since we assume an axisymmetric
crystal, the surface free energy γ(θ) depends only on
the angle θ = arctan ∂rζ. This term is proportional
to the surface stiffness [23] γ˜ = γ(0) + γ′′(0). In
addition, the local mean curvature in cylindrical
coordinates reads
κ = ∂rrζ + ∂rζ/r . (10)
The second term in the right-hand-side of eq. (9)
accounts for disjoining pressure effects, where U(ζ)
is the interaction potential between the crystal and
the substrate (i.e., the free energy cost per unit area
for reducing the film thickness from a large value to
its actual value ζ).
Combining eqs. (6) to (8) we obtain:
vz =
1
r
∂r
[
rζB∂r(γ˜κ− U ′(ζ))
]
+
1
r
∂r
[
r
ζD
ν
∂rvz
]
.
(11)
where B = Ω2Dc0/(kBT ).
Finally, the force balance between an external
force Fz, viscous dissipation, and disjoining pressure
3
provides an additional relations which allows one to
determine uz [13]
uz 2pi
∫ R
0
dr r
∫ R
r
dr′
6ηr′
ζ(r′)3
= Fz + 2pi
∫ R
0
dr rU ′(ζ) ,
(12)
where η is the liquid viscosity.
The system eqs. (5), (11) and (12) provide a closed
set of equations for the evolution of ζ(r, t), and uz(t).
3.2. Disjoining pressure and sedimentation force
The disjoining pressure U ′ is due to the interactions
between surfaces immersed in liquid. This pressure
is usually modeled by the DLVO theory [24, 25].
However, additional short-range forces are often
present, leading to a wide variety of possible depen-
dences of the disjoining pressure on the thickness.
Here, we consider two prototypical cases, both for
the sake of clarity and to allow for direct comparison
with our previous works [7, 8].
The first potential is purely repulsive and is aimed
to mimic the effect of protrusions of the substrate
surface or particles located between the crystal and
the substrate, that cannot be engulfed in the crys-
tal. Due to these impurities, the crystals cannot
approach the substrate at distances smaller than a
minimal thickness h. In the experiments of Ref. [7],
h varied from 10nm to 100nm. In order to account
for this minimal thickness, we choose a potential
U(ζ) that diverges when ζ → h
U(ζ) = a¯A
e
−(ζ−h)
hλ¯
ζ − h , (13)
where hλ¯ is a decay length and a¯ a dimensionless
interaction amplitude.
This repulsive potential is accompanied by a buoy-
ancy sedimentation force Fz = Fg = ∆ρg(2R)
3,
where g is the gravitational acceleration, and ∆ρ is
the solid-liquid density difference. Such a sedimen-
tation force maintains the crystal in the vicinity of
the substrate1. In Ref. [7], the results of the model
were shown to be insensitive to the numerical value
of Fg and a¯. Thus, irrespective of the nature of
the material, we compute the gravitational force
with the parameters corresponding NaClO3 and use
1Note that, even though contributions due to density dif-
ferences are neglected in the chemical potential [13], they are
kept to compute the external gravitational force maintaining
the crystal close to the substrate in the case of a purely
repulsive interaction.
a¯ = 10−3. We also use a small interaction range
λ¯ = 10−2 to ensure a film thickness close to h.
The second type of interaction potential accounts
for smaller distances between the crystal and the
substrate ζ ≤ 10nm. At these distances, van der
Waals attractive forces cannot be neglected [25].
We therefore combine a long-range van der Waals
attraction ∼ ζ−2 with a a shorter range repulsion
∼ ζ−3:
U(ζ) =
A
12pi
(
− 1
ζ2
+
2h
3ζ3
)
. (14)
Note that in this case h corresponds to the position
of the minimum of the potential well.
Since the energy cost for the formation of a sur-
face at ζ = h is lower than the energy cost far away
from the substrate at ζ →∞, heterogeneous nucle-
ation in the vicinity of the substrate is favored with
the above potential. Hence, our study of growth
with the attractive potential, eq. (14), could de-
scribe the growth of a crystal on a substrate after
heterogeneous nucleation. Furthermore, we expect
gravitational effects to be small as compared to the
van der Waals attraction at these scales. As a con-
sequence, we will neglect the sedimentation force
Fg = 0 when considering the potential eq. (14).
3.3. Boundary conditions
We consider an integration domain (simulation box)
of fixed radius R. Outside the integration domain,
we assume a constant concentration and a constant
pressure. We thus assume a constant supersatura-
tion at the boundary of the simulation box
σ(R) = σbc , (15)
where σ(r) = c(r)/c0 − 1 with c0 the solubility. In
addition we fix the film width at the boundary of
the integration domain:
ζ(R) = ζbc . (16)
As discussed in our previous studies [7, 8, 13], the
model results are insensitive to the choice of ζbc when
this quantity is large enough to ensure vanishing
disjoining forces at the boundary of the integration
domain U ′(ζbc) ≈ 0.
3.4. Normalization of model equations
Equations (11) and (12) are solved in normalized
units. We start defining a dimensionless repulsion
strength A¯ = A/(γ˜h) for the repulsive interaction
eq. (13), and A¯ = A/(6piγ˜h2) for the attractive one
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Figure 2: Time evolution of an axisymmetric crystal profile projected along r (shaded gray) growing from solution on a substrate
(yellow area) as obtained from a simulation. The interaction with the substrate is attractive, eq. (14). The normalized kinetic
constant is ν¯ = 0.1. The normalized supersaturation outside the contact area, the simulation box radius and the viscosity
are σ¯bc = 0.315, R¯ = 35, and η¯ = 10
−6, respectively. For instance, assuming a typical film thickness h = 1nm, temperature
T ≈ 300K and interaction amplitude A/6pi ≈ 10−21J [8, 25], and using parameters for salt [17, 26] – c0 ≈ 1027, D ≈ 10−9m2s−1,
Ω = 45A˚3, and γ˜ ∼ γ ≈ 100mJ – we have in physical units: R ≈ 350nm, σbc ≈ 3.5× 10−3 , t ≈ 10−4s× t¯, η ≈ 10−3mPas, and
ν = 10−3ms−1.
eq. (14). Moreover, the normalized film thickness
and radial coordinate are defined as ζ¯ = ζ/h and
r¯ = r/l, where l = h/A¯1/2. The normalized time
variable is t¯ = Bγ˜ht/l4. Other relevant dimension-
less quantities are the normalized system size
R¯ =
R
l
, (17)
the normalized supersaturation
σ¯ =
kBT l
2
Ωγ˜h
σ , (18)
the normalized force
F¯z =
Fz
γ˜h
, (19)
and the dimensionless vertical rigid body velocity
of the crystal
u¯z =
l4
h2γ˜B
uz . (20)
We also define the normalized viscosity
η¯ =
B
h2
η . (21)
Finally, a central dimensionless quantity is the nor-
malized kinetic constant
ν¯ =
l2
hD
ν . (22)
Since the aim of this paper is to focus on surface
kinetics, we will vary ν¯ while the viscosity is kept
small, η¯ = 10−6. Larger viscosities are known to
cause additional phenomena such as the hindering of
cavity formation [8], but the cross effects of viscosity
and surface kinetics are beyond the scope of this
paper.
3.5. Numerical methods
The crystal evolution was computed numerically
using the following steps. All spatial derivatives
are calculated using a finite difference scheme, with
spatial discretization ∆r¯ = 0.2. At a given time-
step t, the local growth rate vz(r, t) is calculated
from eq. (11) by matrix inversion. In addition, force
balance equation eq. (12) determines the crystal
velocity uz(t). Then, the profile is computed at the
next time step t+ ∆t using forward Euler integra-
tion based on eq. (5). For the repulsive potential,
eq. (13), the numerical scheme proves to be stable
using a time-step ∆t¯ from 10−4 for large kinetic con-
stants (ν¯ = 100), to 10−2 for small kinetic constants
(ν¯ < 0.005). In the case of the attractive potential,
eq. (14), the time step is kept fixed at ∆t¯ = 10−4.
Finally, the simulations presented in this work use
a normalized thickness at the boundary of the inte-
gration domain ζ¯(R¯) = ζ¯bc = 12.
For illustrative purposes, in fig. 2 we show the
temporal evolution of a crystal profile along r with
a cavity gradually forming. Eventually, all simu-
lations reach steady-states. We assume that the
variations of the contact size are slow as compared
to the relaxation of the profile towards steady states
within the contact. Based on this hypothesis, the
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profile of a growing crystal with a time-dependent
contact size R(t), is approximated by a family of
steady-state profiles at each R(t). Such a quasi-
static hypothesis is a central assumption of this
paper. This assumption has been discussed in our
previous studies of the thin film model [7, 8, 13], and
compared favorably with experiments where crystals
were also growing laterally [7]. Since we define a
steady-state as a state where the film profile does
not change in time, we have ∂tζ = 0 in steady-state.
As a consequence, eq. (5) implies vz = uz, i.e. the
crystallization rate vz and the crystal velocity uz
coincide in steady-state.
In the following, the radius L of the contact re-
gion, which is smaller than the radius R of the
simulation box, will be used to analyze the results
of the simulations. The contact radius L is calcu-
lated from the heuristic definition L = maxr[∂rκ1D],
where κ1D = ∂rrζ is the 1D curvature of the crystal
profile. As discussed in appendix D, this defini-
tion provides a reasonable evaluation of the contact
radius in agreement with the different heuristic esti-
mates used in our previous studies Refs. [7, 8]. We
have chosen this new definition because it does not
refer explicitly to the reference film thickness h and
because it does not require any ad hoc parameter.
The analysis of the simulation results below will
also require the evaluation of the supersaturation
σb at the edge of the contact. This supersaturation
is simply defined by the relation σb = σ(L) using
eq. (6).
4. Growth before cavity formation
4.1. Growth rate
We start by studying the rate of crystal growth in
steady-state and in the absence of a cavity.
In the case of an attractive interaction poten-
tial eq. (14) and in the diffusion-limited regime, a
perturbative analysis around a flat equilibrium pro-
file (ζ = h) was performed in Ref. [8]. This analysis
allowed us to determine the steady-state profile of
the film and crystal rigid body velocity uz (growth
rate). We have performed a similar analysis in the
case where surface kinetics cannot be neglected. The
details of the calculation, reported in appendix B,
predict a concave film profile which is in reasonable
agreement with simulations (see fig. 3c). This anal-
ysis also provides an expression for the steady-state
growth rate:
|uz| ≈ Ωc0σb −∆µeq/(kBThD)
(6η¯ + 1/2)L2/(4hD) + ν−1
, (23)
where ∆µeq is the equilibrium chemical potential.
Since ∆µeq ∼ 1/L (see appendix B.1), this term
can be neglected for large crystals.
As illustrated in fig. 3a, simulations with an attrac-
tive interaction are in good agreement with eq. (23).
In fig. 3b we also show that for a purely repulsive
interaction, eq. (23) can still grasp the qualitative
variation of the growth rate as a function of the ki-
netic coefficient. However, this expression performs
poorly quantitatively, especially in the limit of large
kinetic coefficients where the growth rate is about
20% lower than the predicted value. One difficulty
in the comparison of the repulsive case with eq. (23)
is the evaluation of the contact size L. As a con-
sequence, we use simulations for the repulsive case
that are not far from the threshold for the formation
of a cavity. This leads to a flatter film.
These results suggest novel strategies for the ex-
perimental measurement of the surface kinetics co-
efficient ν. Indeed, if the growth rate |uz| can be
measured in experiments as a function of the con-
tact size L during growth, then the length scale l0
can be extracted from the crossover of |uz| from a
constant for L < l0 to a L
−2 dependence for L > l0.
Then, provided that the distance h between the crys-
tal and the substrate, and the diffusion coefficient
are known, one could extract ν from the relation
ν = Dh/l20. We hope that strategies based on this
analysis can help to narrow down the quantitative
estimates of surface kinetic coefficients, which have
been identified as an open issue in the recent litera-
ture [14, 15, 17].
4.2. Crystal growth shape in surface-limited kinetics
Here, we discuss the evolution of the global shape of
the crystal, which results from the combination of
growth within the contact and outside the contact
region. A schematic of the system is presented in
fig. 4.
The expression of the quasistatic growth rate
within the contact eq. (23) determines the veloc-
ity at which the bulk of the crystal is moving away
from the substrate during growth. We focus on the
case of surface-limited kinetics outside the contact
region. In the opposite case of diffusion-limited dy-
namics outside the contact, the determination of
the growth rate outside the contact requires the
assumption of a specific far-field geometry and the
full 3D solution of the diffusion equation in this ge-
ometry. Such an analysis is beyond the scope of this
paper. In addition, we assume that surface kinetics
is isotropic.
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Figure 3: Top panels: normalized growth rate |u¯z | in the absence of cavity as a function of the normalized kinetic constant ν¯.
Simulation results are indicated by filled black dots. The red empty dots and dashed lines report the prediction of eq. (23) using
the chemical potential ∆µb extracted from simulations. Simulation box: R¯ = 40; normalized viscosity: η¯ = 10
−6. a) Attractive
interaction potential, eq. (14). The same supersaturation σ¯bc = 0.2 at the edge of the simulation box is used for all simulations.
The contact area increases with ν¯: from L¯ = 24.6 to L¯ = 30. The supersaturation at L¯ decreases from σ¯b ≈ 0.19 to 0.15. The
equilibrium chemical potential ∆µeq is determined by the relation eq. (B.3) (appendix B). b) Repulsive interaction, eq. (13).
Here ∆µeq = 0 and σbc is chosen close to the transition for each dot in order to obtain a roughly flat film width ≈ h. First dot
on the left L¯ = 14.6 and σ¯b ≈ 0.48, last L¯ = 16.8 and σ¯b ≈ 0.02.
Bottom panels: Steady state crystal profiles (black solid line) as obtained by simulation. Fixed simulation parameters: R¯ = 40,
η¯ = 10−6, and ν¯ = 5× 10−3. c) Attractive potential, eq. (14). Red dashed line: analytic expression from linear perturbation
analysis, eq. (B.4). The contact size – measured from the criterion L¯ = maxr¯[∂r¯(∂r¯r¯ ζ¯)] – is L¯ = 30.6 (boundary of the
analytical curve). Supersaturation at the boundary of the simulation box: σ¯bc = 0.45. A cavity would be observed at a critical
supersaturation σ¯cavbc = 0.53. d) Repulsive potential, eq. (13). The supersaturation, σ¯bc ≈ 0.17, is the critical one. The contact
size is L¯ = 16.
(a) (b)
(c) (d)
With these assumptions, the growth rate outside
the contact is expected to be constant
u0 = νΩc0σ ,
with σ the bulk supersaturation outside the contact
area. The growth rate u0 provides the normal ve-
locity of the surface in the referential moving with
the bulk of the crystal. The Frank theorem [23, 27]
states that the asymptotic growth shape outside the
contact is a portion of a sphere, with center O and
radius R(t) = R0 + u0t.
Simultaneously, the shape of the crystal and the
growth rate uz within the contact are assumed to
relax toward the quasistatic steady-state described
in the previous subsection, with the steady-state
growth rate eq. (23). The distance H(t) between the
center O of the sphere and the substrate therefore
obeys H˙ = |uz|. In addition, the asymptotic contact
7
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Figure 4: Sketch of an isotropic crystal growing in the vicinity
of a substrate, for example after heterogeneous nucleation.
The evolution of the shape can be determined via eq. (24)
before a cavity appears. Notations are given in the text.
size L(t) obeys the relation L2 = R2 −H2.
Combining the above relations and using eq. (23)
in the limit of a macroscopic crystal (∆µeq ≈ 0), we
obtain an evolution equation for H
H˙(t) =
u0l
2
0
( 32 η¯ +
1
8 ) (R(t)
2 −H2(t)) + l20
, (24a)
R(t) = R0 + u0t . (24b)
As discussed in appendix C, since R2(t→∞) 1
for large integration times, the distance H will reach
a finite value H∞ as t→∞:
H∞ ≈ l1Erfi−1
[
Erfi
[
H0
l1
]
+
2√
pi
l1e
H20/l
2
1
R0 −H0
]
,
(25)
where
l1 =
l0
( 32 η¯ +
1
8 )
1/2
. (26)
The fact that H∞ is finite is one of the central results
of this paper.
In the case of heterogeneous nucleation, the initial
shape of the crystal is an equilibrium shape at the
critical radius Rc. As a consequence, R0 = Rc and
H0 = −Rc cos(θeqtl ) where θeqtl is the equilibrium
contact angle. During the dynamics, the contact
angle reads
θtl = pi − arctan
(
R2
H2
− 1
)1/2
. (27)
Since H∞ is finite and R diverges at long times,
we have R/H → 0 as t → ∞. It follows that the
asymptotic contact angle does not depend on the
details of the dynamics and always converges to the
same value θtl → pi/2.
As a summary, the combination of the growth
velocities outside and inside the contact leads to
a generalization of the Frank construction for the
asymptotic growth shape [23, 27] which accounts
for the growth in the contact with the substrate.
Since the growth rate uz in the contact vanishes for
large crystals, the asymptotic contact angle is θtl →
pi/2. These results are straightforwardly generalized
for anisotropic surface-limited growth outside the
contact. Since H∞ is finite, the asymptotic Frank
shape will always be half of the free asymptotic
shape, i.e. the Frank shape truncated by a plane
passing through its center.
However, this description, valid for a flat crystal,
will break down if a cavity appears in the contact.
Below, we discuss the conditions under which a
cavity will form.
5. Cavity formation with surface kinetics
5.1. Previous results
To our knowledge, the first theoretical work to dis-
cuss the formation of a cavity in the contact is the
seminal work of Weyl [28]. However, this work fo-
cuses on the case where an external load is present.
In contrast, experiments and simulations [7, 8] have
recently shown that a cavity appears in the contact
region when the size of the contact or the supersatu-
ration exceed a critical value, in the absence of any
loading force. In the diffusion-limited case where
surface kinetics is fast enough, the condition for the
formation of a cavity was found to be [7, 8]
|uz| > |ucavz | =
Ωc0σ
cav
b
αL2cav/(4hD)
, (28)
where the index cav indicates critical values at
the threshold of cavity formation and α is a phe-
nomenological constant. Based on this relation,
a morphology diagram can be obtained by plot-
ting the physical growth conditions in the plane
(|uz|,Ω4hDc0σb/(αL2)). In this plane, the tran-
sition line is a straight line of slope one passing
through the origin. Points above this line corre-
spond to physical situations without cavity, and
points below the line correspond to situations with
a cavity.
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We wish to extend this discussion to the case
where surface kinetics is slow. To our knowledge,
the only discussion of the effect of surface kinetics
on cavity formation is Ref. [11]. This study suggests
but does not observe directly that rims should not
form for crystal sizes comparable to l0.
5.2. Heuristic derivation of the onset of cavity for-
mation
In this section, we reproduce the derivation of the
criterion of eq. (28) for cavity formation reported in
Ref. [7], and include in addition the effect of surface
kinetics.
We start with a local mass balance in the film.
Neglecting the advection of the concentration and
considering a typical film width h, one has
2pirhJd(r) = pir
2Jk , (29)
where Jd(r) = D∂rc is the diffusion flux in the
liquid film and Jk = |uz|/Ω is the mass flux entering
the crystal. From the above relation, we find the
concentration profile in the film
c(r) = cb − |uz|
4hDΩ
(L2 − r2) , (30)
where c(L) = cb is the concentration at the edge
of the contact radius. In particular we obtain an
expression for the supersaturation in the center of
the contact
σ(0) = σb − |uz|L
2
4hDc0Ω
. (31)
Let us define the thickness in the center of the
contact ζ0 = ζ(r = 0). The presence of a cavity im-
plies U ′(ζ0) ≈ 0 because the depth ζ0 of the cavity
should increase beyond the range of the disjoining
pressure and κ(r = 0) < 0 since the cavity is con-
cave. As a consequence, we expect from eq. (9)
that ∆µ(r = 0) < 0 in the presence of a cavity.
However, before the formation of the cavity, the
interface is approximately flat κ(r = 0) ≈ 0 and
U ′(ζ0) > 0 at least for repulsive interactions, lead-
ing to ∆µ(r = 0) > 0. As a consequence, we use the
condition of change of sign of the chemical potential
as an estimate of the threshold for the formation of
a cavity, ∆µcav(r = 0) = 0.
From eqs. (6), (8) and (9), we express the interfa-
cial chemical potential as
∆µ(r) = kBT
(
− vz(r)
νΩc0
+ σ(r)
)
. (32)
In steady-state, where vz = −uz (eq. (5)), therefore
the condition ∆µcav(0) = 0 provides a relation be-
tween the rigid body velocity of the crystal and the
supersaturation in the center:
ucavz = −σ(0)νΩc0 . (33)
Combining eq. (33) with the supersaturation profile
deduced from mass conservation eq. (31), we obtain
a generalized transition criterion:
|ucavz | =
Ωc0σ
cav
b
αL2cav/(4hD) + ν
−1 . (34)
We have included the phenomenological constant
α ≈ 0.6 to obtain quantitative agreement between
this relation and the observations in simulations
with fast surface kinetics [7, 8].
5.3. Numerical evaluation of the location of the tran-
sition
As a first remark, simulations indicate that surface
kinetics does not alter the continuous or discontin-
uous nature of the transition. Indeed, the cavity
still appears smoothly and continuously in the repul-
sive case, eq. (13), whilst a discontinuous transition
with hysteresis is observed when considering the
attractive interaction, eq. (14). We thus apply simi-
lar procedures as those described in Refs. [7, 8] to
characterize the transition.
We start by plotting the evolution of the steady-
state film width at the center of the contact ζ0 (see,
e.g., fig. 2) as a function of the supersaturation at
the boundary of the simulation box σbc. In the case
of a repulsive potential, the transition is continuous,
i.e., ζ0 varies smoothly and does not exhibit any
jump when varying the supersaturation. The critical
threshold value σcavbc is then estimated from the
intersection of two linear fits: one corresponding to
the flat growth regime below the transition, where
ζ0 is weakly affected by σbc, and another one above
the transition, where ζ0 increases linearly with σbc.
However, in the case of an attractive potential, the
transition is discontinuous and exhibits hysteresis [8].
In this case, the critical supersaturation σcavbc is
obtained from the direct observation of a sharp jump
in the value of ζ0 when varying the supersaturation
σbc. Since the transition shows hysteresis as in
the diffusion-limited case, the “forward” transition
obtained when increasing the supersaturation of
an initial flat profile, and “backward” transition
observed by decreasing σbc when starting with a
profile already presenting a cavity are different.
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Figure 5: Two alternative representations of a non-equilibrium morphology diagrams summarizing the threshold for cavity
formation at different normalized surface kinetic constants, ν¯. The phenomenological constant is α = 0.61. Results are in code
units. a) Plane defined by eq. (28). b) Generalized formulation, eq. (34). The dashed line is a reference line of slope one passing
through the origin. Results are in normalized units.
(a) (b)
Once the critical supersaturation σcavbc at the
boundary of the simulation box is obtained, a simula-
tion at σcavbc is performed. Then, the critical contact
radius Lcav is calculated by the method discussed
in section 3.5 and appendix D. The corresponding
supersaturation σcavb = σ(L
cav) is finally obtained
using eq. (6).
5.4. Data collapse with surface kinetics
In fig. 5 we show simulation results where Lcav and
σcavb are extracted by the procedure discussed above.
The data are reported in normalized units for a large
span of values of the surface kinetic constant, from
ν¯ = 10−3 to ν¯ = 102. For the attractive case, we
distinguish the results for the two different branches
of the hysteresis loop (forward and backward). We
also report previous results in the fast attachment
limit (ν¯ →∞) from Refs. [7, 8].
In fig. 5a, we show the transition points in the
plane defined by the left-hand side and right-hand
side of eq. (28). This representation, denoted as a
morphology diagram and previously introduced by
Ref. [7, 8], is expected to lead to data collapse in
the diffusion-limited regime. Indeed, the simulation
results collapse on the same line in the limit of fast
attachment kinetics. However, there is clearly no
collapse when varying the surface kinetic coefficient
ν¯. Furthermore, the location of the transition de-
pends on the functional form of the interaction. In
contrast, all transition points are shown to collapse
on the same line in fig. 5b when using the plane
coordinates defined by the left-hand-side and the
right-hand-side of eq. (34). As expected, this line is
straight, passes through the origin, and its slope is
one.
When varying physical parameters, we expect
that the system will be located in the zone above
the transition line when there is no cavity, and in
the zone below the transition line in the presence of
a cavity. In fig. 6, we have reported the trajectory
of simulations with a fixed simulation box R when
the supersaturation σbc at the edge of the box is
varied. For each point, the contact size L and the
supersaturation at the edge of the contact σb are
measured. While the transition line is clearly crossed
in the diffusion-limited regime (ν¯  1) as seen in
fig. 6a, the trajectory of the system in the regime
limited by surface kinetics (ν¯  1, fig. 6b) is actually
along the transition line.
This result can be traced back to the fact that
the growth rate is constant in the surface-kinetics
dominated regime, |uz| ≈ νΩc0σ, with σ ≈ σb. This
relation is independent of the morphology and is
therefore valid on both sides of the transition point.
In addition, the striking similarities between
eqs. (23) and (34) suggests that the departure from
the transition line in the flat regime could be mainly
controlled by finite size effects or by viscosity ef-
fects, respectively via the terms proportional to
∆µeq ∼ L−1 and η¯. As a consequence, even in
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Figure 6: Trajectories within the generalized morphology diagram. Blue circles and orange triangles: data at the threshold of
cavity formation. The dashed line is a reference line of slope one passing through the origin. Joined red rhombus and magenta
pentagons: trajectory of a crystal undergoing a transition. a): ν¯ = 100. b): ν¯ = 0.005. Results are in normalized units.
(a) (b)
the diffusion-limited regime, the departure from the
transition line on the upper side, for a flat contact,
should be small for small viscosities and for large
crystals. However, when a cavity appears, eq. (23)
ceases to be valid, and arbitrary departures from
the transition line are possible below the transition
line in the diffusion-limited regime.
As a summary, the departure from the transi-
tion line is small in the surface-kinetics limited
regime. In the diffusion-limited regime, departure
from the transition line from above (flat contact)
are restricted to small crystals or large viscosities.
However, deviations from below, i.e. in the presence
of a cavity, are possible.
5.5. Transition in the (L, σ) plane
In growth experiments, such as those of Ref.[7], the
control parameters are expected to be the contact
size L and the supersaturation σb. In fig. 7, we
have reported the transition points in the (L, σb)
plane for attractive and repulsive interactions and
for various values of the kinetic coefficient ν¯.
When the interaction is attractive, the perturba-
tive analysis presented in section 4 and appendix B
indicates that the crystal exhibit a concave parabolic
profile, associated with an increase of the film width
ζ0 at the center of the contact before the forma-
tion of the cavity. Following the same lines as in
Ref.[13], the onset of cavity formation can be as-
sociated with the condition that ζ0 becomes large
enough for the crystal profile at the center to reach
the regime of spinodal instability where U ′′(ζ0) < 0.
The instability criterion is therefore ζ0 = ζ
cav, with
U ′′(ζcav) = 0. In the limit of vanishing viscosity
η → 0, we find
σcavb =
Ω
kBT
U ′cav
(
1 + 4
l20 − l2eq
L2
)
+ 2
Ω
L
[2γ˜∆U(h)]
1/2
, (35)
where leq = (γ˜/U
′′(h))1/2, and U ′cav = U
′(ζcav).
The details of the derivation of eq. (35) are reported
in appendix B.2. Using eq. (14), we find U ′cav =
(A/h3)U¯ ′cav, with U¯
′
cav = 9/(2
9pi) ≈ 5.6× 10−3. In
the limit of large contacts, eq. (35) indicates that
σcavb (L→∞) = (kBT/Ω)U ′cav. Using the measured
asymptotic value σ∞ in simulations with large L,
we obtain U¯ ′cav = (Ω/kBT )σ∞ ≈ 6.4× 10−3, in fair
agreement with the expected value. The prediction
obtained from eq. (35) with the latter value of U¯ ′cav is
shown in fig. 7a for two different kinetic coefficients
ν¯. The agreement between eq. (35) and fig. 7a
suggests that the critical supersaturation decays
to its asymptotic value as σcavb (L) − σ∞ ∼ L−1
in the diffusion-limited regime (L  l0), whilst
this difference is ∼ L−2 for slow surface kinetics
(L l0). However, the accuracy of our simulations
and the uncertainty on the asymptotic value does
not allow us to check these exponents quantitatively.
Finally, simulation results suggest a qualitatively
similar behavior for the backward transition, with a
different asymptotic value σ∞.
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Figure 7: Critical supersaturation as a function of contact size. a) Attractive interaction, eq. (14). The solid lines are analytical
predictions using eq. (35) with U¯ ′cav = 5.6× 10−3 inferred from data at large contact sizes in the forward transition and for a
diffusion limited growth [8]. Note that for small L¯ forward and backward transitions are indistinguishable.
b) Repulsive interaction, eq. (13). The dashed lines are fits with a power law f(L¯) = c ∗ L¯−β : black, β ∼ 2.0; red, β ∼ 3.5; blue,
β ∼ 4.2.
(a) (b)
In the case where the interaction is repulsive,
no analytical prediction is available. As shown by
fig. 7b, simulations suggest important differences
with the scenario predicted by eq. (35). First, a
vanishing critical supersaturation for cavity forma-
tion is obtained for large crystals L→∞. This is
consistent with our previous results [7], and can be
understood intuitively from the absence of trapping
of the interface in a potential well when the interac-
tion is repulsive. In addition, the decay of the criti-
cal supersaturation can be fitted with power-laws
(dashed lines in fig. 7b). We find σcavb ∼ L−2 in the
diffusion driven regime (black dots) and σcavb ∼ L−4
for the regime dominated by surface kinetics (red
and blue dots).
As a summary, discarding physical prefactors, we
find
σcavb − σ∞ ∼ L−β , (36)
where β and σ∞ are listed in table 1.
6. Conclusions
In conclusion, we have studied the influence of sur-
face kinetics on the growth of a crystal in the
vicinity of a flat substrate. Surface kinetics af-
fects the growth rate within the contact region:
we found a novel regime for contact sizes smaller
than l0 = (Dh/ν)
1/2, where the growth rate is in-
dependent of the contact size. The experimental
observation of such a crossover could allow one to
gain novel quantitative insights on the value of the
kinetic constant. Ultimately, the total displacement
of the crystal bulk due to growth within the contact
is always finite. Furthermore, slow surface kinet-
ics does not prevent the formation of a cavity, and
the subsequent formation of a rim. However, the
straightforward generalization of the condition for
the formation of a cavity obtained in Ref.[7] appears
to be uninformative in the limit of slow surface ki-
netics. Instead, we formulate this condition in terms
of a critical supersaturation above which the cavity
forms. This critical supersaturation is found to be
larger for slower surface kinetics, and to decrease as
a power-law of the contact size.
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A. Model derivation
The derivation of the thin film equation in the pres-
ence of slow surface kinetics follows the same lines
as in Ref. [13]. Here, we summarize the main steps
of the derivation and point out the technical dif-
ferences that result from the assumption of slow
surface kinetics.
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Table 1: Summary of the power law regimes observed for the transition line in the (L, σb) plane depending on the kinetic process
and type of disjoining pressure. Notations are those of eq. (36). The asymptotic supersaturarion at large contact sizes, σ¯∞,
depends on the branch of the hysteresis plot. The reported results correspond to the forward transition.
Dominating process
Disjoining pressure
Repulsive Attractive
Diffusion β ≈ 2, σ∞ = 0 β ≈ 1, σ∞ ≈ ΩU ′cav/kBT (forward)
Surface kinetics β ≈ 4, σ∞ = 0 β ≈ 2, σ∞ ≈ ΩU ′cav/kBT (forward)
A schematic of the system is presented in fig. 1.
We assume a crystal growing (or dissolving) in a
liquid solution and in the vicinity of a substrate.
The surface of the substrate is flat and parallel to
the (x, y) plane. The substrate is homogeneous,
immobile, impermeable and inert. We consider a
rigid crystal – i.e. neglect elastic effects –, with equal
and constant densities in the liquid and the crystal
ρL = ρC . A disjoining pressure U
′(ζ) acts between
the crystal surface and the substrate [25] where
ζ(x, y, t) is the local thickness of the film along the
z axis. The disjoining pressure is the derivative of
the interaction potential U(ζ). The velocity of the
bulk of the crystal along the z direction is uz. We
neglect lateral motion of the crystal uxy = 0. Here
and in the following, the subscript xy indicates the
projection of a vector field along the substrate plane.
The derivation of the thin film model is based on
a small slope expansion (also called the lubrication
limit) [20]. This expansion procedure exploits a
disparity of scale in the liquid film, namely that
the length scale ` associated to variations of the
film thickness and of the concentration in the (x, y)
plane are much larger than the film thickness ∼ h.
We thus identify a small parameter  = h/`. Spatial
coordinates are rescaled as x ∼ y ∼ ` ∼ h/, and
z ∼ h. Furthermore, assuming that the typical
liquid velocity parallel to the substrate is of order one
we also consistently choose the pressure p ∼ 1/, and
time t ∼ 1/. We also assume c ∼ O(1). To leading
order in the expansion, the pressure p and the solute
concentration c in the liquid do not depend on z [20].
Let us recall the main relations in the lubrication
limit as obtained in Ref. [13]. First, to leading
order, the liquid flow is a Poseuille flow in the (x, y)
plane. The total flow between the substrate and the
crystal is proportional to the gradient of pressure
∼ (ζ3/12η)∇xyp, where η is the viscosity of the
liquid. Then, as a consequence of the conservation
of the total mass, the rigid motion of the crystal uz
is a source term for the liquid flow in the film
uz = −∇xy ·
[
ζ3
12η
∇xyp
]
. (A.1)
Second, the conservation of crystal units reads
vz
Ω
+ ∂t[ζc]−∇xy ·
[
ζ3
12η
c∇xyp
]
= ∇xy · [ζD∇xyc] ,
(A.2)
with Ω the crystal molecular volume and D the
diffusion constant (assumed independent of the con-
centration). Finally, the global force balance on the
crystal depends on the contact region and reads [13]
Fz =
∫∫
contact
dA (p− pext + U ′(ζ)) , (A.3)
where Fz is an external force acting on the crystal,
and dA = dxdy and pext is a constant liquid pressure
outside the contact zone.
The link between the growth rate and the super-
saturation in the liquid in physical systems depends
on the subjacent microscopic structure of the crystal
surface [23, 29]. Here, we assume a linear kinetic
law, so that the crystallization rate reads
vn − nˆ · u = Ων(c− ceq) , (A.4)
where vn is the normal velocity of the crystal inter-
face, ν a kinetic constant and ceq the local equilib-
rium concentration at the liquid-crystal interface.
This relation results from the combination of eqs. (1)
and (2) in the main text. To leading order in 
eq. (A.4) reads [13]
vz = Ων(c− ceq) , (A.5)
where vz = O() is the local growth rate along
z (surface velocity in the reference frame of the
crystal),
vz = −∂tζ − uz . (A.6)
In Refs. [7, 8, 13] the kinetic constant was assumed
ν ∼ O(1) in the lubrication expansion. Since c ∼
13
O(1), this led to a fast local equilibration of the
concentration: c = ceq. In contrast, we assume
the kinetic constant to be small: ν = O(). As a
consequence, all terms in eq. (A.5) are of the same
order, and
c = ceq +
vz
Ων
, (A.7)
which is identical to eq. (6) in the main text. The
assumtion ν = O(), and the resulting eq. (6) are
the main difference between the present study and
Refs. [7, 8, 13].
Finally, following the same lines as in Ref. [13],
we consider the dilute limit Ωc 1 in axisymmetric
geometries. This leads to the equations presented
in the main text in section 3.1.
B. Perturbation to equilibrium for an at-
tractive interaction
Let us consider steady-state solutions of eq. (11).
Since in steady state ∂tζ = 0, we have vz = −uz
where uz is a constant, and
0 = B
1
r
∂r[rζ∂r(γ˜∂rrζ+
γ˜
r
∂rζ−U ′(ζ))]+uz , (B.1)
with B = Ω2c0D/(kBT ). This steady-state equation
is identical to that of the diffusion-dominated regime
presented in Ref. [8]. Because of this analogy with
the diffusion-dominated scenario, the perturbation
analysis follows the same steps as in Ref. [8], and in
the following we only briefly recall the main steps
of the derivation.
We consider the case of an attractive crystal-
substrate interaction and consider a crystal below
the transition, i.e., without a cavity. Below the
transition, we expect a small departure from equi-
librium so that we seek solutions of the steady-state
profile as a small perturbation of the equilibrium
solution: ζ(r) = ζeq(r)+δζ(r). Given the attractive
interaction, we assume the equilibrium profile to be
flat in the contact region, ζeq(r) = h with h a con-
stant representing the minimum of the interaction,
U ′(h) = 0.
The equilibrium solution is a particular solution
of eq. (B.1) with uz = 0 which obeys
∆µeq
Ω
= γ˜∂rrζeq + γ˜/r∂rζeq − U ′(ζeq) , (B.2)
where ∆µeq is the constant equilibrium chemical
potential. Integrating the above relation and using
the fact that ζeq ≈ h in the center of the contact,
the equilibrium chemical potential is given by [8]
∆µeq ≈ 2Ω
L
√
2γ˜∆U , (B.3)
with ∆U = U∞ − U(h) and U∞ ≈ 0 is the constant
value of the interaction potential far from the sub-
strate. By convention, we use U∞ = 0. As a remark,
this equation can be re-written as ∆µeq ≈ θeqtl 2Ω/L,
where θeqtl ≈
√
2γ˜∆U is the equilibrium contact an-
gle.
We now proceed by expanding eq. (B.1) to linear
order in δζ = ζ(r)− h for uz 6= 0. Integrating and
using eq. (B.3), we find:
δζ =
uz
4BhU ′′(h)
(r2−L2 + 4γ˜
U ′′(h)
)− ∆µb −∆µeq
ΩU ′′(h)
,
(B.4)
where we have defined the chemical potential at
the edge of the contact radius L as ∆µb = ∆µ(L).
This expression shows satisfactory agreement with
numerical results as illustrated in fig. 3c.
B.1. Lifting velocity before the transition
Expanding the force balance equation eq. (12) to
linear order in δζ, and using eq. (B.4), we obtain
uz =
−4Bh(∆µb −∆µeq)
( 6Bh2 η +
1
2 − 4γ˜L2U ′′(h) )L2Ω
. (B.5)
From the relation between chemical potential, su-
persaturation and local growth rate, eqs. (6), (8)
and (9), together with the steady state condition
vz = −uz, we have:
∆µ(r = L) = ∆µb = kBT (σb +
uz
Ωc0ν
) . (B.6)
Inserting this expression in eq. (B.5) and neglecting
the term of order 1/L2, we finally obtain eq. (23)
in the main text. Note that, as already observed
in the derivation of the generalized morphology di-
agram (section 5.2), the relation between ∆µ and
σ, eq. (B.6), is the sole difference between eq. (B.5)
and the expression reported in Ref. [8].
B.2. Critical supersaturation
Following the same lines as in Ref.[8], we consider
that a cavity appears when ζ0 > ζ
cav where ζ0 =
ζ(r = 0), and ζcav is the thickness above which a flat
film undergoes a spinodal instability. By definition
of the spinodal instability, ζcav corresponds to the
inflection point of the potential U ′′(ζcav) = 0.
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Computing eq. (B.4) in r = 0 we have
∆µcavb −∆µcav = ΩU ′cav
[
(12η¯ + 1)L2 − 8γ˜U ′′(h)
(1− 12η¯)L2
]
,
(B.7)
where U ′cav = δζ
cavU ′′(h). The latter expression
of U ′cav is the linear term of an expansion of the
disjoining pressure U ′(ζcav) for small δζcav. Instead
of using this linear term only, we choose to use the
full nonlinear expression of the disjoining pressure
U ′cav = U
′(ζcav). This minor reformulation – which
was not performed in Ref. [8] – allows one to reach
better quantitative accuracy, as discussed in the
main text.
Using eqs. (B.5) and (B.6), we finally rewrite
eq. (B.7) as:
kBTσ
cav
b −∆µeq = ΩU ′cav
12η¯ + 1 + 8
l20
L2 − 8γ˜U ′′(h)L2
1 + 12η¯
,
(B.8)
where l0 = (Dh/ν)
1/2 was introduced in the main
text. In the limit where the viscosity is small and
using eq. (B.3) to express the equilibrium chemical
potential, we obtain eq. (35) in the main text.
C. Lifting dynamics of a crystal on a sub-
strate in the absence of gravity
In section 4, we obtained a relation for the evolution
of the heightH(t) of the center of an isotropic crystal
growing in the vicinity of a flat substrate:
dH
dt
=
u0l
2
0
( 32 η¯ +
1
8 ) (R(t)
2 −H(t)2) + l20
(C.1)
with u0 = νΩc0σ the velocity of the free surface
away from the contact region in the macroscopic
limit (vanishing curvature) and
R(t) = R0 + u0t , (C.2)
is the radius of the crystal. The initial conditions
are R(t = 0) = R0 and H(t = 0) = H0. A schematic
of the system is shown in fig. 4.
Using eq. (C.2), we may rewrite eq. (C.1) as
dH
dR
=
l20
( 32 η¯ +
1
8 )(R
2 − h2) + l20
, (C.3)
We then perform a change of variable
H = (3
2
η¯ +
1
8
)1/2
H
l0
, (C.4a)
R = (3
2
η¯ +
1
8
)1/2
R
l0
, (C.4b)
to write eq. (C.3) in a normalized form
dR
H = R
2 −H2 + 1 . (C.5)
Using the condition R → ∞ when t → ∞, and
defining H∞ as the asymptotic value of H at long
times, the solution of the above equation reads
R = H+ 2√
pi
eH
2
Erfi[H∞]− Erfi[H] . (C.6)
We used the imaginary error function defined as
Erfi[z] =
Erf[iz]
i
=
2√
pi
∫ z
0
e−(is)
2
ds , (C.7)
which obeys
lim
z→0
Erfi[z] = 0 , (C.8)
lim
z→∞Erfi[z] =
ez
2
√
piz
. (C.9)
Since at t = 0, we have R = R0 and H = H0 with
H0 > 0, eq. (C.6) at t = 0 reads
H∞ = Erfi−1
[
Erfi[H0] + 2√
pi
eH
2
0
R0 −H0
]
. (C.10)
Let us now reformulate the result in terms of the
initial contact angle. We denote the initial angle
between the height and the radius of the crystal
(see fig. 4) as θ(t = 0) = θeq. In the special case of
growth after heterogeneous nucleation, this angle
is the equilibrium one, θeq = pi − θeqtl , with θeqtl the
equilibrium contact angle. We then have
R0 = − H0
cos(θeqtl )
. (C.11)
Assuming in addition that H0  l0 (i.e. H0  1),
we obtain
H∞ ≈ Erfi−1
[ −2 cos(θeqtl )√
piH0(1 + cos(θeqtl ))
]
. (C.12)
D. Contact radius determination
In our previous studies [7, 8], the contact radius, L,
was determined at the transition point using ad hoc
definitions which depend on the type of interaction
considered. We chose ζ(L) = h + 20λ¯h for the re-
pulsive interaction eq. (13), and ζ(L) = h + 0.001
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Figure D.8: Top panel: 1D and 2D curvatures as a function of
the radius for a repulsive (red and orange) and an attractive
(blue and light-blue) interaction. Bottom panel: correspond-
ing steady-state profiles (below the transition) along the radial
coordinate r. The attractive case is produced considering a
forward transition (the profile is flat at the beginning of the
integration). Attractive potential: σ¯bc = 0.15 (σ¯
cav
bc ≈ 0.34).
Repulsive potential: σ¯bc = 0.105 (σ¯
cav
bc ≈ 0.13). Vertical
lines indicate the position of the maximum of the derivative
of the 1D curvature, L¯ = maxr¯[∂r¯(∂r¯r¯ ζ¯)]. For the attractive
potential L¯ = 18.4, for the repulsive potential L¯ = 10.8. Size
of the simulation box R¯ = 30, kinetic constant ν¯ = 100.
(b)
(a)
for the attractive case eq. (14) [7, 8]. These def-
initions proved to provide results that are robust
with respect to variations of the thickness ζbc of
the liquid film at the boundary of the simulation
box. However, we would like a more intuitive defi-
nition, which would be valid both for the repulsive
and the attractive cases. We therefore propose that
the contact radius is given by the position of the
maximum of the derivative of the 1D curvature of
the crystal profile, κ1D = ∂rrζ, L = maxr[∂rκ1D].
The position of the edge of the contact is shown in
fig. D.8 for both attractive and repulsive disjoining
pressures. In the figure, we also show that the 1D
and 2D curvatures behave in a similar fashion. We
therefore chose the simplest condition based on the
1D curvature.
This definition can be understood intuitively at
equilibrium, where the chemical potential ∆µeq is a
constant. We then have from eq. (9)
γ˜κ =
∆µeq
Ω
+ U ′(ζ) . (D.1)
Hence, κ is proportional to U ′(ζ) up to an additive
constant. Since the profile is roughly flat in the
center, we have κ(r = 0) ∼ 0, for both the repulsive
and the attractive cases.
For the purely repulsive interaction, as we move
away from the center of the contact by increasing r,
and ζ increases to infinity, U ′(ζ) increases from neg-
ative values to zero. Thus we expect a monotonous
increase of the curvature with the distance from the
center, with a maximum increase located near the
edge of the contact where the potential U varies
quickly.
In contrast, for the attractive case, we expect an
initial increase of U ′ when increasing ζ, followed by
a long-range decrease of U ′ for larger ζ. As a conse-
quence, we expect the maximum of the derivative
of the curvature to be reached for ζ in the edge of
the contact (and smaller than the value for which
U ′′(ζ) = 0, which corresponds to a cancellation of
∂rκ1D and to the maximum of κ1D).
Finally, we observe in fig. D.8 that a qualitatively
similar behavior of the curvature is maintained away
from equilibrium. Therefore, we use the same defini-
tion as a signature of the edge of the contact region
in non-equilibrium situations.
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